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Extremal Rocket Motion with Maximum
Thrust in a Linear Central Field

Dilmurat M. Azimov¤ and Robert H. Bishop†

University of Texas at Austin, Austin, Texas 78712

The Mayer variationalproblem of determining optimal trajectories of a rocket moving with maximum thrust in
a thin spherical layer within a central Newtonian � eld is considered. The present work is devoted to the analytical
investigation of maximum thrust arcs for a rocket engine with constant exhaust velocity and limited mass � ow
rate using the necessary conditions of optimality. Many problems of practical interest admit an approximation of
the central Newtonian � eld by a linear central � eld. It is shown that the linear central � eld assumption is valid
when the thrust vector is nearly tangential to the orbit and the rocket remains in a suf� ciently thin spherical layer
during the maneuver. When the linear central � eld approximationis utilized, analytic closed-form expressions are
obtained describing optimal maximum thrust space trajectories. The problem of optimal orbit transfer between
coplanar circular orbits is considered to illustrate the solution process, which comprises two maximum thrust and
three null thrust arcs. It is shown that solutionsof the problem are comparablewith solutionsbased on assumptions
of instantaneous changes in velocity, including the Hohmann transfer.

Nomenclature
a = thrust acceleration vector
B; D; P1; R1; = constants of the primer vector
P2; R2; ®; ®1;
®2; a; a1; a2

C = constant of Hamiltonian
C21; C22 = integration constants
c = exhaust velocity, km/s
e = eccentricity
F1 = difference of values of integral sine, rad
F2 = difference of values of integral cosine, rad
g = sea-level gravitational acceleration,km/s2

H = Hamiltonian
J = performance functional
k; k1 = Schuler frequency, rad/s
m = mass of spacecraft, kg
p = semilatus rectum, km
r = radius vector
t1; ¿1 = initial time of � rst and second maximum

thrust arcs, s
t2; ¿2 = � nal time of � rst and second maximum

thrust arcs, s
t3 = initial time for second maximum thrust arc

computed from beginning of maneuver, s
v = velocity vector
xi = value of parameter x at the i th switching point
¯ = mass � ow rate, kg/s
1g2; 1g3 = gravitationalerrors at the second and third

switching points, km/s2

1r = difference between magnitudes
of radius vector, km

1V = velocity change, km/s
±r = width of spherical layer, km
µ = polar angle, rad
¸ (¸1; ¸2; ¸3/ = primer vector conjugated with velocity
¸r .¸4; ¸5/ = vector conjugated with the radius vector
¸7 = multiplier conjugated with the mass
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¹ = gravitationalparameter of central body, km3/s2

’ = thrust angle (angle between primer
vector and horizon), rad

Â = switching function
Ã = angle between inertial axes and primer

vector, rad

Introduction

O UR objective is to obtain analytic solutions to the problem
of computing optimal trajectories, that is, minimal fuel ex-

penditure, of a rocket moving in a Newtonian � eld and possessing
a propulsion system with limited mass � ow rate and constant ex-
haust velocity. It is known that spacecraft trajectories may consist
of combinations of null thrust (NT), intermediate thrust (IT), and
maximum thrust (MT) arcs.1 In our work, only combinationsof MT
and NT arcs are considered. Previous investigations searching for
analytic methods applicable to MT arcs include those of Marec,2

Azimov,3 and Ehricke.4 It was shown by Azizov and Korshunova5

that solving the problem in quadratures requires four � rst integrals
or two integrals in involution for planar motion. For motion in a
central Newtonian � eld, these integrals remain unknown.However,
MT arcs can still be studied using 1) numerical techniques or 2)
analytical methods based on using either known impulsive solu-
tions or utilizing appropriate approximations. This paper takes the
latter approach, utilizing a linear central � eld approximation.More
information on numerical solutions can be found in the works of
Jezewski6 and Hazelrigg et al.7

Certain classes of space dynamics problems admit sensible sim-
pli� cations based on the underlyingphysics. In such cases, one can
sometimes obtain analytical solutions. For example, consider the
problem of determining optimal orbit transfers and suppose that
the initial and � nal orbits are circular, but at signi� cantly different
altitudes. When considering impulsive maneuvers, the solution is
the well-known Hohmann transfer or bielliptical transfer.However,
the more realistic situation is that of nonimpulsivemaximum thrust
maneuvers employing practicalpropulsion systems. In the case of a
central Newtonian � eld, analytic optimal trajectories are currently
not available.Suppose, however, that the optimal transfer trajectory
contains two MT arcs connected by an NT arc, for example, an el-
liptic transfer orbit. If, as with many chemical propulsion systems
in use today, the time the engines are thrusting, that is, during the
MT arcs, is relatively short, then it might be possible to assume
that during the initial and � nal maneuvers the spacecraft operates
in individual thin spherical layers and that the width of these thin
layers is small compared to the spacecraft altitude during the ma-
neuvers. Under this assumption it follows that an approximationof
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the central Newtonian � eld by a linear central � eld may be a rea-
sonable approximationduring the individualMT arcs. It is shown in
this paper that a linear central � eld approximation leads to closed-
form analytic solutions completely describing the MT arcs. When
the MT and NT arcs are connected properly, a complete extremal
trajectorycan be constructedand describedvia analytic expressions
for the spacecraft states and costates as a function of time.

Investigationsof linear central � elds have been reported by Azi-
zov and Korshunova5 and Jezewski.6 In the cited works, it is shown
that one dif� culty in solving the problemusing a linear � eld approx-
imation is determining a valid initial control vector. To address this
dif� culty, some authors recommended using basic impulsive solu-
tions as startingpoints and employingan iterative process to satisfy
the terminal conditions and corner conditions.6;7 Another approach
to this problem is to utilize primer vector theory.1 This paper is de-
voted to applying primer vector methods to the problem of optimal
transfer of a rocket moving with MT in a thin spherical layer within
a central Newtonian � eld.

Linear Field Approximation
The equationof motion for a spacecraftmoving in a central New-

tonian � eld is

Rr D .¹=r 3/r C a (1)

where r is the magnitude of the radius vector r of the spacecraft
(represented in a convenient inertial reference frame).

The approximation of the equations of motion involve series ex-
pansions of the gravitational term, such that

g D ¹

r 3
D ¹

r 3
0

3
¹

r 4
0

1r C 1

2!

¹

r 5
0

.1r/2

C ¢ ¢ ¢ C
g.n/.r0/

n!
.1r /.n/ C O[.1r/n ] D ¹

r 3
0

C 1g (2)

where

1r :D r r0; 1g :D
¹

2r 3
0

1X

k D 1

. 1/k .k C 1/.k C 2/

³
1r

r0

´k

Substituting Eq. (2) into Eq. (1) and rearranging terms yields

Rr C
¡
¹

¯
r 3

0

¢
r D a 1R (3)

where 1R: D 1gr.
For problems in which the spacecraft trajectory remains within

a thin spherical layer, that is, when 1r remains small, the quantity
1g may be neglected. It follows that, when 1g is neglected,Eq. (1)
reduces to the case of the linear central � eld, wherein

Rr C
¡
¹

¯
r 3

0

¢
r D a (4)

We can now evaluate the relative error in the dynamic model asso-
ciated with neglecting 1R in Eq. (3) by � rst writing

² D
­­­­

1
r 3

1

r 3
0

­­­­D 1r

r 4
0

­­­­
3 C 3.1r=r0/ C .1r=r0/

2

1 C 3.1r=r0/ C 3.1r=r0/2 C .1r=r0/3

­­­­

Thus, when 1r=r0 ¿ 1, the relative error associatedwith Eq. (4) is
O.1r=r 4

0 /.
According to Lawden,1 the primer vector is governed by

Ŗ D ¸
@g
@p

(5)

where @g=@p denotes differentiationwith respect to a displacement
in the direction¸. For the case of a central Newtonian � eld, we have
g D .¹=r 3/r, and we can use Eq. (5) to obtain the primer vector
governing equations as

Ŗ D .3¹=r 5/.¸ ¢ r/r .¹=r 3/¸ (6)

Fig. 1 Primer vector de� nition and coordinates.

Similarly, in a linear central � eld, we have g D .¹=r 3
0 /r, and we

� nd that the primer vector is governed by

Ŗ D
¡
¹

¯
r 3

0

¢
¸ (7)

Using the series expansion for g given in Eq. (2), we rewrite Eq. (6)
as

Ŗ D
¡
¹

¯
r 3

0

¢
¸ C .3¹=r 4/¸ sin’r 1g¸ (8)

where ’ is the angle between ¸ and a line perpendicular to r. The
coordinate system, de� ning the angle ’, is depicted in Fig. 1. Com-
paring Eq. (8) with Eq. (7), and taking into account 1g, one can
conclude that a linear approximation of central Newtonian � eld is
admissible if

sin ’ ¼ 0; 1r=r0 ¿ 1 (9)

When sin ’ ¼ 0, the second term on the right-hand side of Eq. (8) is
negligible. In this situation, the thrust vector is nearly tangential to
the orbit. When 1r=r0 ¿ 1 and 1g is negligible, the third term on
the right-hand side of Eq. (8) is negligible.

When solving problems connected with the minimization of fuel
expenditure,it is important to evaluatethe errors in the minimization
functional due to the approximations made in assuming a linear
central � eld. For such problems, the performance functional can be
represented in the form

J D c
m0

m1
D

Z T

0

ja.t/j dt (10)

where m0 and m1 are the initial and � nal rocketmasses, respectively,
and c is the exhaust velocity (assumed constant). Utilizing Eqs. (3)
and (4) in conjunction with Eq. (10) to compute the difference in
the functionals corresponding to using the linear central � eld and
the central Newtonian � eld yields the inequality

1J ·
Z T

0

j1Rj dt

De� ne the quantities an and S as

an :D . 1/n.n C 1/.n C 2/

³
1r

r0

´n

S :D
1X

n D 1

an D
1X

n D 1

. 1/n.n C 1/.n C 2/

³
1r

r0

´n 1

It then follows that

j1gj D
¡
¹

¯
2r 3

0

¢
.1r=r0/S
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It can be shown that

lim
n ! 1

jan C 1=an j D .1r=r0/ lim
n ! 1

[1 C 2=.n C 2/] D 1r=r0

and if 1r ¿ r0 , we have

lim
n ! 1

jan C 1=an j < 1

Then, according to D’Alambert’s convergence test, the series

1X

n D 1

an

converges,8 and

ja1j > ja2j > ja3j > ¢ ¢ ¢ janj > ¢ ¢ ¢

with an ! 0 as n ! 1. Consequently, the sum S is bounded above
by a � nite value, which is denoted here by L. Because 1R D 1gr,
we have

j1Rj · QL.1r=r0/.1 C 1r=r0/ (11)

where

QL :D
¡
¹

¯
2r 2

0

¢
L

Therefore, the error in the performance function due to the linear
central � eld approximation is bounded above by

1J ·
Z T

0

j1Rj dt · QL
1r

r0

³
1 C

1r

r0

´ Z T

0

dt

D QL 1r

r0

³
1 C 1r

r0

´
T D O

³
1r

r0

´
(12)

We conclude that the relative error resulting from ignoring 1R is
O.1r=r0/.

In summary, a linear approximationof thecentralNewtonian � eld
is admissable if the rocket trajectory remains within the boundaries
of a thin spherical layer, the width 1r of which is small compared
to the magnitude of the radius r0 and sin ’ ¼ 0. The linear central
� eld approximation leads to a relative error on the order O.1r=r 4

0 /
in the dynamic model and relative error on the order O.1r=r0/ in
computation of the performance function.

Canonical Equations and First Integrals for MT Arcs
The canonical system of equations for a rocket in a linear central

� eld are given by3;5

Pr D v; Pv D .c¯=m/.¸=¸/ k2r; Pm D ¯

P̧ D ¸r ; P̧
r D k2¸; P̧

7 D .c¯=m2/¸ (13)

The Hamiltonian is

H D k2.¸ ¢ r/ C .¸r ¢ v/ C ¯Â (14)

where the switching function1 is de� ned to be

Â :D .c=m/¸ ¸7

In a polar reference frame (for the planar case), we use the co-
ordinates .r; µ/, as depicted in Fig. 1. Let ¸i ,i D 1; 2, denote the
components of the primer vector ¸, where ¸ :D jj¸jj 6D 0 for MT
arcs, except for cases when a reversal of thrust direction occurs.
De� ne the vector ¸r , conjugated to the radius vector, as

¸r D [¸4 ¸1.v2=r/ ¸2.v1=r / C ¸5=r]T (15)

Denote the multipliers conjugated to r and µ as ¸4 and ¸5 , respec-
tively, and ¸7 as the multiplier conjugated to the mass m. In planar
polarcoordinates,the canonicalsystemin Eq. (13) can be expanded,
yielding

Pr D v1; Pµ D v2=r; Pv1 D .c¯=m/.¸1=¸/ k2r C
¡
v2

2

¯
r
¢

Pv2 D .c¯=m/.¸2=¸/ .v1v2=r /; Pm D ¯

P̧
1 D ¸2.v2=r/ ¸4; P̧

2 D 2¸1.v2=r / C ¸2.v1=r/ .¸5=r /

P̧
4 D ¸1

£¡
v2

2

¯
r 2

¢
C k2

¤
¸2

¡
v1v2

¯
r 2

¢
C ¸5

¡
v2

¯
r 2

¢

P̧
5 D 0; P̧

7 D .c¯=m2/¸ (16)

and the Hamiltonian in Eq. (14) reduces to

H D ¸1

£¡
v2

2

¯
r
¢

k2r
¤

¸2.v1v2=r/ C ¸4v1 C ¸5.v2=r/ C ¯Â

From the canonicalsystem in Eq. (13), we determinethat the primer
vector is governed by

Ŗ D k2¸

and, in .¸; Ã/ coordinates,has projections

Ŗ ¸ PÃ2 D k2¸; 2 P̧ PÃ C ¸ RÃ D 0 (17)

There exist four � rst integrals associated with the primer vector
projections in Eq. (17). Two of the � rst integrals are

¸2 P̧ 2 D ¸2º2 k2¸4 ¾ 2; ¸2 PÃ D ¾ (18)

When PÃ 6D 0, we have the additional � rst integrals

¸2 D q=[1 C e cos 2.Ã ³ /]

kt D arctan
£p

.1 e/=.1 C e/ tan.Ã ³ /
¤

° (19)

The variables º, ¾ , ° , and ³ are independent integration constants,
and q and e are related to º and ¾ via

.1 e2/¾ 2 D k2q2; .1 e2/º2 D 2k2q (20)

From Eq. (18), it follows that, when PÃ D 0, we have ¾ D 0, and ° ,
³ , q, and e play no role in the solution.

The � rst integrals in Eqs. (18) and (19) de� ne hodographs of the
primer vector for the MT arcs. When the quantity e is depended
on, the hodograph of the primer vector is a central ellipse (e < 1), a
straight line (e D 1), or a circle (e D 0). It can be shown that choosing
the central ellipse leads to analytical closed-form solutions repre-
senting motion along circular trajectories. In this paper, the primer
vector trajectories are taken to be straight lines. Three other � rst
integrals associated with the canonical system are found to be

¸1

£¡
v2

2

¯
r
¢

k2r
¤

¸2.v1v2=r / C ¸4v1 C ¸5.v2=r/ C Â¯ D C

m D m0 ¯t ; ¸5 D ¸50 (21)

where C , m0, and ¸50 are independent integration constants.
Consider a � xed Cartesian coordinate system OXYZ and a co-

ordinate system Oxyz that is rotating with angular velocity Pµ with
respect to the OXYZ, as illustrated in Fig. 1. If P̧ is a derivativeof ¸
in the OXYZ system, and O̧ is a derivative of ¸ in the Oxyz system,
then

P̧ D Ļ C Pµk1 £ ¸ (22)

In (r , µ ) coordinates, the rocket equations of motion are

Rr Pµ 2r D c¯¸1=m¸ k2r; r Rµ C 2Pr Pµ D c¯¸2=m¸ (23)

Introducing the transformation¸ D rq, and with the de� nition

q0 :D
dq
dµ

we compute the derivatives

Æq D Pµq0;
d Æq
dt

D Pµ 2q00 C Rµq0
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Using Eqs. (22) and (23) and the derivatives just de� ned, we obtain

Ŗ D r Pµ 2q00 C .c¯=m/.¸2=¸/q0 C
¡
c¯¸1=m¸ k2r

¢
q

C .c¯¸2=m¸/k1 £ q C 2r Pµ 2k1 £ q 0 C r Pµ 2k1 .q ¢ k1/ (24)

With q D q.u1; u2/, it follows that ¸1 D ru1 and ¸2 D ru2 , and, using
Eq. (24), the projections of Ŗ on the polar coordinate system axes
are

. Ŗ /r D r Pµ 2u 00
1 C .c¯=m¸/ru2u

0
1 C .c¯=M¸/ru2

1 k2ru1

.c¯=m¸/ru2
2 2r Pµ 2u 0

2 D k2¸1

. Ŗ /µ D r Pµ 2u 00
2 C .c¯=m¸/ru2u

0
2 C .c¯=m¸/ru1u2 k2ru2

C .c¯=m¸/ru1u2 C 2r Pµ 2u0
1 D k2¸2 (25)

When the relationshipsgiven in Eq. (25), together with the integral
for the Hamiltonian given by the � rst expression in Eq. (21), are
utilized, it can be shown that

Pµ 2.u 00
1 2u 0

2/ C .c¯=m¸/
¡
u2u0

1 C u2
1 u2

2

¢
D 0

Pµ 2.u00
2 C 2u 0

1/ C .c¯=m¸/.u2u
0
2 C 2u1u2/ D 0 (26)

The � rst integral associated with Eq. (26) is

u2
1 C u2

2 C 2C1u2 D 0 (27)

where C1 6D 0 is an integration constant. Using that

¸1 D ¸ sin ’; ¸2 D ¸ cos ’ (28)

substituting ¸1 D ru1 and ¸2 D ru2 into Eq. (27), and simplifying
yields

r D ¸C2= cos ’ (29)

where C2 D 1=2C1. Note that a singularityoccurs in Eq. (29) when
cos’ D 0. However, if cos ’ D 0, then the linear � eld assumption,
that is, sin ’ ¼ 0, is violated. Therefore, it is reasonable in our case
to assume that cos ’ 6D 0. Also, cos ’ D 0 implies that the rocket is
thrusting radially from the central attracting body, a scenario not
considered in this paper.

Using that Pr D v1, r Pµ D v2, ¸2 D ¸ cos ’, and

’ D .¼=2/ C µ Ã (which implies P’ D Pµ PÃ/

we take the time derivative of Eq. (29) and substitute appropriately
into the equationfor P̧

2 from the canonical system given in Eq. (16),
yielding the important relationship between ¸5 and PÃ :

¸5 D 2r¸ sin’ PÃ (30)

Utilizing Eqs. (18) and (28), we � nd that Eq. (30) can also be written
as

¸5 D .2¾r sin ’=¸/ (31)

Analytic Solutions for Maximum Thrust Arcs
In this section, we present the analytic solutions to the problem

of optimal motion in a linear central � eld. The solutions are general
in the sense that the particular performance functional J is not
speci� ed.

Using the expressions in Eqs. (16), (18), (28), (31), and that

P’ D Pµ PÃ D v2=r ¾=¸2

we obtain the relationship

¸2v1 ¸1v2 ¸5

¡
¸2

¯
¸2

¢
r z ¾

¡
¸1

¯
¸2

¢
r D 0 (32)

where we de� ne

z :D
p

¸2º2 k2¸4 ¾ 2

Similarly, starting with the expression for P̧
1 from the canonical

system given in Eq. (16), namely,

P̧
1 D ¸2.v2=r / ¸4

we make appropriate substitutions to obtain the relationship

¸4 D ¾
¡
¸2

¯
¸2

¢ ¡
¸1

¯
¸2

¢
z (33)

Using the Eqs. (29), (32), and (33), we rewrite the integral for the
Hamiltonian [the � rst expression in Eq. (21)] as

d

dt
.C2¸ tan ’/ C

µ
¸4k2 C ¾ 2

¸2z

¶
.C2¸ tan ’/

µ
¸.Â¯ C/

z

¶
D 0

which can be integrated in quadratures yielding tan ’:

tan ’ D .h1 C Q/=C2h2¸

where

h1 D
Z t

0

¸.Â¯ C /h2

z
dt; h2 D eh3

h3 D
Z t

0

¸4k2 C ¾ 2

¸2z
dt ; Â D

Z t

0

c

m¸
z dt C Â0 (34)

and where ¾ , C , C2 , Â0 , and Q are integrationconstants.Collecting
all of the relevant equations, the general solution is found to be

v1 D r

µ
z

¸2
C d tan ’

¶
; v2 D r

µ
¾

¸2
C d

¶

r D ¸C2

cos ’
; µ D ’ C Ã

¼

2
; m D m0 ¯t

¸1 D ¸ sin ’; ¸2 D ¸ cos ’; ¸4 D ¾
¸2

¸2

¸1

¸2
z

¸5 D ¸50; ¸7 D c¯

Z t

0

¸

m2
d¿ C ¸70 (35)

where

d D
³

Â¯ C

C2
cos2 ’

º2

2
sin 2’

´
1
z

and where m0 , ¸50 , º, and ¸70 are integration constants.The values
of the various constants are problem speci� c and depend on the
boundary conditions and on the selected performance index. Note
that thevariables¸ andÃ are explicitfunctionsof time [seeEqs. (18)
and (19)]. The expressions (35) are the solutions of the canonial
system of equations (24) and describe MT arcs in the linear central
� eld regardless the functional of the problem or whether time is
� xed or free.

In the particular case of free � nal time (when C D 0) and mini-
mum fuel, that is, J D m0 m1, it follows from the transversality
condition1 that

¸51 D @J
@µ1

D 0

where the subscript1 denotesthevalueat the � nal time.Accordingto
the � rst integralsof the canonicalsystemof equations[see Eq. (21)],
we knowthat ¸5 is a constant, and, accordingto the Weierstrasscon-
dition, it has to be continuousover the entire trajectory.1 Therefore,
we have

¸5 D ¸50 D ¸51 D 0

Recalling Eq. (31), we obtain the important result that

¾ sin ’ ´ 0
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Thus, we can consider two cases: 1) ¾ ´ 0 and sin’ 6D 0 or 2)
sin ’ ´ 0 and ¾ 6D 0. If ¾ 6D 0 and sin ’ ´ 0, we have the case of
tangential thrust, which, although representinga problem of practi-
cal interest, is not considered in this paper. Accepting that sin ’ 6D 0
and ¾ ´ 0, we � nd from Eq. (18) that ¾ D 0 implies PÃ D 0 (because
¸ 6D 0), and hence,

Ã D Ã0

where Ã0 is a constant. With PÃ D 0, we can solve Eq. (17) for ¸,
yielding

¸ D a sin.kt C ®/

wherea and® are integrationconstants,and, in termsofº in Eq. (18),
we have the relationship º D ak. That PÃ D 0 implies that the hodo-
graphof the primervector is a straight line and the directionof thrust
is inertially � xed. We make the following de� nitions:

x :D .km0=¯/ kt; x0 :D km0=¯; ®0 :D ® C .km0=¯/

Then, with PÃ D 0 and ¸ D a sin.kt C ®/, the switching function is

Â D akc

Z t

0

cos.kt C ®/

m0 ¯ t
dt

D
akc

¯

µ Z x

x0

sin.®0/ sin.x/ cos.®0/ cos.x/

x
dx

¶

D
akc

¯
fsin.®0/[Si.x/ Si .x0/] cos.®0/[Ci.x/ Ci.x0/g

D
akc

¯
[F1.x0; x/ sin.®0/ C F2.x0; x/ cos.®0/] (36)

where

F1 :D F1.x0; x/ D Si.x/ Si.x0/

F2 :D F2.x0; x/ D Ci.x/ Ci.x0/

and the functions Si.x/ and Ci.x/ are integral sine and integral
cosine functions:

Si.x/ :D
1X

i D 1

. 1/i C 1x2i 1

.2i 1/.2i 1/!

Ci.x/ :D C0 C ln.x/ C
1X

i D 1

. 1/i x2i

.2i/.2i/!

whereC0 D 0:577216is the Euler–Mascheroniconstant(see Ref. 8).
The complete solution to the free � nal time, minimum fuel prob-

lem, obtained from the general solution described in Eq. (35), is
given by

v1 D r[k cot.kt C ®/ C P’ tan ’]

v2 D aC2k
sin ’

cos.kt C ®/
C Â¯

ak

2 cos2 ’

aC2 sin 2.kt C ®/

r D aC2
sin.kt C ®/

cos ’
; µ D ’ C Ã0

¼

2

m D m0 ¯ t ; ¸1 D a sin.kt C ®/ sin ’

¸2 D a sin.kt C ®/ cos ’; ¸4 D ak cos.kt C ®/ sin ’

¸7 D acm2
0

µ
sin.kt C ®/

m0 ¯ t

¶
Â C ¸70 (37)

where

tan ’ D tan ® tan ’0

tan.kt C ®/
C Â¯

ak

1
aC2k

C
cs

aC2k tan.kt C ®/

P’ D
k sin2’

sin2.kt C ®/
C Â¯

ak

2 cos2 ’

aC2 sin 2.kt C ®/

s D F2 sin ®0 F1 cos ®0

and ’0 is a new integrationconstant.Expressions(37)are the closed-
form analytical solutions of the canonical equations (24) for the
free � nal time problem and describe motion along the MT arcs.
We note that in our problem statement the mass � ow rate is limited.
Therefore, our solution is not equivalentto the case of instantaneous
velocity change, which, as pointed out by Battin,9 is generally an
inadequateassumptionif one is interestedin developingrocketguid-
ance solutions. The last expression of Eq. (37) can be modi� ed to
represent an approximate optimal rocket engine steering law in a
realistic gravitational � eld. This is an extension of the idea of em-
ploying a linear-tangent steering law that can be obtained by using
constant gravity vector.9

Transfer Between Circular Orbits
In this section,we apply the closed-formanalyticalsolutiongiven

in Eq. (37) that describes the minimum fuel trajectory along an MT
arc in a linear central gravity � eld to the problem of optimal free
� nal time transfer between concentric circular orbits in a central
Newtonian � eld. The problem scenario is illustrated in Fig. 2. The
trajectorycomprises� ve separatearcs:NT–MT–NT–MT–NT. In this
situation, the � rst and last NT arcs are the initial and � nal circular
orbits, and the center NT arc is assumed to be a Keplerian elliptical
transfer orbit. The spacecraft is transferred to the elliptic orbit with
parameters e; p, and ! from the initial orbit by the � rst MT arc.
The second MT arc transfers from the elliptical orbit to the � nal
circular orbit. Consequently, the optimal trajectory must contain
four switchingpoints, as depicted in Fig. 2. The � rst switchingpoint
is on the initial circular orbit, the second and third switching points
are on the elliptic transfer orbit, and the fourth switching point is
on the � nal circular orbit. The assumptionof a linear central gravity
� eld applies only in the two individual thin layers around the initial
and � nal orbits, that is, only during the MT arcs that coincide with
the time that the propulsion system is operating. The performance
function that we minimize is the difference between the initial and
� nal mass, that is,

J D m0 m1

The initial conditions are given as

t D t1 D 0; r D r0; v11 D 0; v21 D kr0; m D m0

and the � nal conditions are

t D t2; r D r1.r1 6D r0/; v12 D 0; v22 D k1r1

where k D
p

.¹=r 3
0 / and k1 D

p
.¹=r 3

1 / and v11and v12 are the radial
velocity components at the initial and � nal times, respectively,and
v21 and v22 are the transversal velocity componentsat the initial and
� nal times, respectively. The phasing on the initial and � nal orbits
is assumed arbitrary.

According to the theory of optimal trajectories, at the switching
points, the radius, velocity, and primer vectors must all be contin-
uous, and the switching function Â must vanish.1 We will utilize
Â D 0 to obtain expressions for ®0 and s at the second and fourth
switching points. Using the formulas given in Eq. (37) for the � rst
switching point, we obtain

0 D ’1 C Ã1
¼

2
; r0 D a1C21

sin ®1

cos ’1

kr0 D a1C21
sin®1

cos ’1
P’1; P1 sin f1 D a1 sin ®1 sin ’1

2P1 cos f1 C R1 D a1 sin ®1 cos ’1

P1 cos f1 C R1 D a1 cos ®1 sin ’1 (38)
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Fig. 2 Transfer between two circular orbits with maximum thrust.

where f1 is the true anomaly; µ1 D 0 is the polar angle of the ini-
tial point of the � rst MT arc, which can be set to zero due to the
assumption of arbitrary phasing on the initial orbit; and

P’1 D
k sin 2’1

sin 2®1

(39)

On the basis of the properties of the switching function at the
switchingpoints, and using expressionsfor the radius, velocity, and
primer vectors for motion on elliptic orbit NT arcs and on MT arcs,
we obtain the following conditions at the second switching point:

F1 sin ®3 C F2 cos ®3 D 0; µ2 D ’2 C Ã2
¼

2
D f2 C !

p

1 C e cos f2
D a1C21

sin.kt2 C ®1/

cos ’2
r

¹

p
e sin f2 D a1C21

sin.kt C ®1/

cos’2
[k cot.kt C ®1/ C P’2 tan’2]

r
¹

p
.1 C e cos f2/ D a1C21

sin.kt2 C ®1/

cos ’2
P’2

Be sin f2 D a1 sin.kt2 C ®1/ sin ’2

B.1 C e cos f2/ C
D

1 C e cos f2
D a1 sin.kt2 C ®1/ cos ’2

Ã2 D Ã1 (40)

where

tan’2 D tan’1 tan ®1

tan.kt2 C ®1/
C

cs1

a1C21k tan.kt2 C ®1/

P’2 D
k sin 2’2

sin 2.kt2 C ®1/
; s1 D F2 sin ®3 F1 cos ®3

®3 D ®1 C
km0

¯
; F1 D Si.x2/ Si.x1/

F2 D Ci.x2/ Ci.x1/

x1 D
km0

¯
; x2 D

km0

¯
kt2

and where .p; e; !/ are parameters of the elliptic transfer orbit, t1
and t2 are the initial and � nal times on the � rst MT arc, respectively;
and Ã2 D Ã1 because Ã is a constant. Without loss of generality,
we can choose t1 D 0, and doing so allows us to say that the total

maneuver time, that is, the time the propulsion system is operating,
for the � rst MT arc is given by t2 .

We introduce a new variable ¿ to denote the total time of motion
on the second MT arc that satis� es the inequality¿1 < ¿ < ¿2 , where
¿1 and ¿2 are the initial and � nal time of the motion on the second
MT arc. Without loss of generality,we can choose¿1 D 0, and doing
so allows us to say that the total maneuver time for the second MT
arc is given by ¿2. The variable ¿ is related to the total current � ight
time t by ¿ D t t3 , where t ¸ t3 and t3 is the � nal time on the elliptic
transfer orbit, that is, t3 is the initial time of the second MT arc, and
is computed from the beginning of the � rst MT arc at t1 D 0. For
the � nal time ¿2 , we have ¿2 D t4 t3, where t4 is the � nal time of
motion on the second MT arc and computedfrom t1 D 0 (see Fig. 2).

At the third switching point, the following conditions must be
satis� ed:

µ3 D ’3 C Ã3
¼

2
D f3 C !;

p

1 C e cos f3
D a2C22

sin ®2

cos ’3
r

¹

p
e sin f3 D a2C22

sin ®2

cos ’3
[k cot ®2 C P’3 tan ’3]

r
¹

p
.1 C e cos f3/ D a2C22

sin ®2

cos ’3
P’3

Be sin f3 D a2 sin ®2 sin ’3

B.1 C e cos f3/ C
D

1 C e cos f3
D a2 sin ®2 cos ’3

a1 sin.k1t2 C ®1/ D a2 sin ®2 (41)

where

P’3 D
k1 sin 2’3

sin2 ®2

(42)

At the fourth switching point we have

F3 sin®4 C F4 cos®4 D 0; µ4 D ’4 C Ã4
¼

2

r1 D a2C22
sin.k1¿2 C ®2/

cos ’4
;

r
¹

r1
D a2C22

sin.k1¿2 C ®2/

cos ’4
P’4

P2 sin f4 D a2 sin.k1¿2 C ®2/ sin’4

P2 cos f4 C R2 D a2 cos ®2 sin ’4

2P2 cos f4 C R2 D a2 sin.k1¿2 C ®2/ cos ’4; Ã4 D Ã3

(43)
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where

tan ’4 D tan ’3 tan ®2

tan.k1¿2 C ®2/
C

cs2

a2C22k1 tan.k1¿2 C ®2/

P’4 D
k1 sin 2’4

sin 2.k1¿2 C ®2/
; s2 D F4 sin ®4 F3 cos ®4

®4 D ®2 C
k1.m0 ¯ t2/

¯
; F3 D Si.x4/ Si.x3/

F4 D Ci.x4/ Ci.x3/; x3 D
k1m0

¯
k1t2

x4 D
k1m0

¯
k1.t2 C ¿2/ (44)

The transversality condition (taking into account the arbitrary
phasing on the boundary orbits) is

¸71 D @J
@m1

D 1 (45)

at ¿2. Consequently, at the fourth switching point we have

ca2 sin.k1¿2 C ®2/ D c¸0 D m0 ¯.t2 C ¿2/ (46)

The � ight time between the second and third switching points is
determined by

t3 t2 D
p

[p3=¹.1 e2/3][E3 E2 e.sin E3 sin E2/] (47)

where

tan E2=2 D
p

.1 e/=.1 C e/ tan f2=2

tan E3=2 D
p

.1 e/.1 C e/ tan f3=2

In total, we have Eqs. (38), (40), (41), (43), and (45–47), which are
suf� cient to determine the unknowns ® j , ’i , fi , µi , Ãi , a j , C2 j , P j ,
R j , B , D, ¿ j , p, e, !, ® j , and t2 , where i D 1; : : : ; 4 and j D 1; 2,
and, without loss of generality,we choose t1 D 0, ¿1 D 0, and µ1 D 0.

We can now begin the process of solving for the 32 unknowns.
At each switchingpoint (see Fig. 2), the unknownsare 1) switching
point 1: ’1 , Ã1 , a1, C21, P1 , f1 , R1; 2) switching point 2: ®1,’2, Ã2,
µ2, f2, !, p, e, t2, B, D; 3) switchingpoint 3: ’3 , Ã3, µ3, f3, a2 , C22;
and 4) switching point 4: ®2, ’4, Ã4 , µ4, ¿2 , P2 , f4 , R2.

First, by appropriate choice of the reference line f D 0 (see
Ref. 1), from the � rst equation for primer vector at the � rst switch-
ing point, we � nd that f1 D 0 and ’1 D 0. Then, using Eq. (38), and
taking into account Eq. (39), we determine that

®1 D arctan. F2=F1/ .km0=¯/; f1 D arctan. sin 2®1=2/

’1 D ®1 C ¼=2; P’1 D k; r0 D C21a1 (48)

and, from Eq. (43) and (44), we obtain

®2 D arctan. F4=F3/ k1.m0 ¯ t2/=¯

f4 D arctan[ sin 2.k1¿2 C ®2/=2]; ’4 D k1¿2 C ®2 C ¼=2

P’4 D k1; r1 D C22a2 (49)

From Eqs. (40) and (48), it follows that

e cos f2 D
p

r0

cos ’2

sin °
1 (50)

p
¹

p
p

e sin f2 D kr0
cos2 ° sin2 ’2

cos ° cos ’2

(51)

where ° D kt2 C ®1. Substituting Eq. (50) into (40) yields

p D r0 tan2 ° tan2 ’2 (52)

from which it follows that

e cos f2 D tan2 ° tan2 ’2
cos ’2

cos °
1 (53)

e sin f2 D tan ° tan ’2
cos2 ° sin2 ’2

cos ° cos ’2

(54)

The expressions in Eqs. (52–54) for p, e, and f2 are given in terms
of ° and ’2 . Equations(41–43) have the same form as Eqs. (38–40);
therefore, we can obtain expressions in the form

p D r1 tan2 ®2 tan2 ’3 (55)

e cos f3 D tan2 ®2 tan2 ’3
cos ’3

cos ®2
1 (56)

e sin f3 D tan®2 tan ’3
cos2 ®2 sin2 ’3

cos ®2 cos ’3

(57)

These three equationsallowus to determine p, e, and f3 as a function
of ’3 . Solving for the integrationconstant B from Eqs. (40) and (41)
and equating the resulting expressions leads to

a1 sin ° sin ’2

e sin f2
D

a2 sin ®2 sin ’3

e sin f3

(58)

Then, substituting

a2 D a1.sin ° = sin ®2/

into Eq. (58) yields the relationship between the angles

sin f3= sin f2 D sin ’3= sin ’2 (59)

Equating the expressions (52) and (55) for p, we obtain

tan2 ° tan2 ’2 D ½ tan2 ®2 tan2 ’3 (60)

where ½ D r1=r0 . Substituting sin f3 obtained from Eq. (59) into
Eq. (57) yields

e sin f2 D tan ®2 tan ’3
sin ’2

sin ’3

cos2 ®2 sin2 ’3

cos ®2 cos ’3

(61)

Equating the expressions in Eqs. (54) and (61) for e sin f2 and also
using the expressions in Eqs. (53), (54), (56), and (57), we obtain

tan ®2 tan ’3
sin ’2

sin ’3

cos2 ®2 sin2 ’3

cos ®2 cos ’3

D tan ° tan ’2
cos2 ° sin2 ’2

cos ° cos ’2

(62)

µ
tan2 ° tan2 ’2

cos’2

cos °
C 1

¶2

C
µ

tan ° tan ’2
cos2 ° sin2 ’2

cos° cos’2

¶2

D
µ

tan2 ®2 tan2 ’3
cos ’3

cos ®2

C 1

¶2

C
µ

tan ®2 tan ’3
cos2 ®2 sin2 ’3

cos ®2 cos ’3

¶2

(63)

From Eqs. (60) and (62), we have

cos2 ° sin2 ’2

cos ° cos ’2
D d2 sin ’2 (64)

cos2 ° D
tan2 ’2

tan2 ’2 C d1

(65)
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where d1 and d2 are de� ned as

d1 :D ½ tan2 ®2 tan2 ’3; d2 :D
1

p
½ sin ’3

cos2 ®2 sin2 ’3

cos ®2 cos ’3

(66)

Then, from Eqs. (64) and (65), it follows that

d2
2 D cos2 °

£
.1 d1/2

¯
d1

¤
(67)

From the last expression we obtain

cos2 ®2 sin2 ’3

cos®2 cos’3
D d2

2 ½ sin2 ’3 (68)

Substitutionof Eqs. (64–68) into Eqs. (63) gives the followingequa-
tion in terms of t2 and d1:
µ

d1

cos °

r
1

tan2 ° C d1
C 1

¶2 µ
d1p

½ cos ®2

r
1

½ tan2 ®2 C d1
C 1

¶2

C cos2 ° .1 d1/
2
¡

sin2 ’2 sin2 ’3

¢
D 0 (69)

where

sin2 ’2 D
d1

tan2 ° C d1
; sin2 ’3 D

d1

½ tan2 ®2 C d1

° D kt2 C ®1 (70)

The unknown d1 can be found by the use of the expressions for
the switching function and angles ’1; ’2 , and ’4 . Indeed, using the
expressions for ’1 and ’4 , we can write

tan ®1 tan ’1 D 1; tan.k1¿2 C ®2/ tan ’4 D 1 (71)

From the � rst equations of Eqs. (40) and Eqs. (43), one can obtain

F2 D F1.sin ®3= cos ®3/; F4 D F3.sin ®4= cos ®4/ (72)

SubstitutionofEqs. (71), Eqs. (72), and the � rst equationofEqs. (66)
into the correspondingformulas for ’2 and ’4 leads to

d1 D
µ

1
cF1

kr0 cos ®3

¶2

;
d1

½
D

µ
1 C

cF3

k1r1 cos ®4

¶2

(73)

and excluding d1 results in

½ D
µ³

1
cF1

kr0 cos ®3

´³
1 C

cF3

k1r1 cos®4

´¶2

(74)

which contains the unknowns t2 and ¿2 .
Substituting Eqs. (73) into Eqs. (69), one can obtain an equation

that also contains the unknowns t2 and ¿2 . Therefore, Eqs. (69) and
(74) serve to � nd t2 and ¿2 as functions of given quantities

t2 D t2.½; r0; c; m0; ¯/; ¿2 D ¿2.½; r0; c; m0; ¯/

Note that these functions cannot be written explicitly because
Eqs. (69) and (74) contain integral sine and integral cosine, the
arguments of which are linear functions of t2 and ¿2 . Once these
quantities become known, then all other unknowns can be found in
terms of elementary functions as described hereafter.

The constants®1 and ®2 are computedby the use of Eqs. (48) and
(49). The quantity d1 is found by the use of one of the equations
of Eqs. (73). Substituting Eqs. (60) into Eq. (63), we obtain an
expression in terms of ’3 and ®2:

µ
2d1p

½.b1 C d1/
C

d1 b1

½
C d1

¶
b2

2 2
p

d1b2 2d1 D 0 (75)

where

b1 D .½ d1/ sin2 ®2; b2 D
r

b1.r d1/

d1½2.1 d1/
C 1

Between tan ’3 , d2 , and d1 , we have the following relationships:

tan2 ’3 D
d1

½ tan2 ®2

(76)

d2
2 D .½ d1/2

d1½2
sin2 ®2 (77)

Equation (75) yieldscomplex roots if d1 < 1, which, as follows from
Eqs. (52) and (55), correspondsto the inequalitiesd1 < 1 and p < r0

or p > r1. Therefore, the value of d1 from Eq. (75) should satisfy
the condition

1 < d1 < ½ (78)

To exclude complex valued solutions, it follows from Eqs. (68)
and (75) that we must satisfy the following relationships:

d1 6D ½ (79)

d1 d11 > 0; d1 d12 > 0

or

d1 d11 < 0; d1 d12 < 0 (80)

where

d11 D 1 .1=½/ sin2 ®2 [.1 ½/=½] sin ®2

1 .1=½2/ sin2 ®2

d12 D 1 .1=½/ sin2 ®2 C [.1 ½/=½] sin ®2

1 .1=½2/ sin2 ®2

Thus, the transfer between concentric circular orbits in the central
Newtonian � eld using two MT arcs is possibleif the boundaryorbits
satis� es the inequalities in Eqs. (78–80).

If d1 is known, then the other solutions to the problem can be ob-
tainedas follows.The thrust angles at the second and third junctions
are found from Eqs. (66) as

tan ’2 D
p

d1=tan2 ° ; tan ’3 D
p

d1=½ tan2 ®2

Then, from Eqs. (52–57), we obtain the eccentricity e, semilatus
rectum p, and angles f2 and f3:

p D r0 tan2 ° tan2 ’2

e2 D
µ

d1

cos °

r
1

tan2 ° C d1
C 1

¶2

C cos2 ° .1 d1/2 sin2 ’2

tan f2 D
µp

d1d2 sin ’2

¿³
d1

cos ’2

cos °
C 1

´¶

tan f3 D
µp

d1d2 sin ’3

¿³
d1

½

cos ’3

cos ®2
C 1

´¶

where d2 is computed using Eqs. (66). The true anomalies and Ã
angles are found by the use of the expressions

Ã1 D .¼=2/ ’1 D ®1; Ã2 D Ã1

Ã3 D µ3 ’3 C .¼=2/; Ã4 D Ã3

µ2 D Ã2 C ’2 .¼=2/; µ3 D µ2 C f3 f2

µ4 D Ã4 C ’4 ¼=2

The transversality condition given in Eq. (45) can be used to � nd
a2:

.c=¯/a2 sin.k1¿2 C ®2/ D m0=¯ .t2 C ¿2/ (81)
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The integration constants a1 , C21, and C22 obtained using
Eqs. (41), (48), and (49) and the continuity condition for the mag-
nitude of the primer vector at the second and third switching points

a1 sin.kt2 C ®1/ D a2 sin ®2

are found to be

a1 D
a2 sin ®2

sin.kt2 C ®1/
; C21 D

r0

a1
; C22 D

r1

a2
(82)

The value of ¸0 can be found as

¸0 D a1 sin ®1 (83)

Consequently,Eqs. (40), (41), (43), and (46) yield the relationships

2 tan f4 D sin 2’4; R1 D a1 sin ®1

R2 D a2 cos2 ’4 C 2a2; B D
a1 sin ° sin’2

e sin f2

D D B

³
d1

cos ’2

sin °

´2

a1 sin ° cos ’2

³
d1

cos ’2

sin °

´2

P1 D a1 sin ®1; P2 D a2
2 .1 C sin2 ’4 cos2 ’4/ (84)

The multiplier¸7 has the followingvaluesaccordingto thecondition
Â D 0 at all switching points:

¸7 D
ca1 sin ®1

m0
at t D t1 D 0

¸7 D
ca1 sin.kt2 C ®1/

m0 ¯t2
at t D t2

¸71 D
ca2 sin ®2

m0 ¯ t2
at ¿ D ¿1 D 0

¸71 D
ca2 sin.k1¿2 C ®2/

m0 ¯.t2 C ¿2/
at ¿ D ¿2 (85)

Using Eq. (47) and the expressions valid at the second and third
switching points, namely,

tan.E2=2/ D
p

.1 e/=.1 C e/ tan. f2=2/

tan.E3=2/ D
p

.1 e/=.1 C e/ tan. f3=2/

Fig. 3 Transfer trajectory including two MT arcs.

we obtain an expression to compute the time interval of the motion
along the Keplerian transfer orbit. The time of the NT arc is

TNT D
p

[p3=¹.1 e/3][.E3 E2/ e.sin E3 sin E2/] (86)

The gravitational errors at the second and third switching points
due to the linear � eld approximation are determined by formulas

j²2j D
­­1

¯
r 3. f2/ 1

¯
r 3

0

­­; j²3j D
­­1

¯
r 3

1 1
¯

r 3. f3/
­­(87)

where

r. f2/ D p
¯

.1 C e cos f2/; r. f3/ D p=.1 C e cos f3/

To evaluate the relative error O.1r=r0/ in the performance func-
tional and the relative error O.1r=r 4

0 / in the dynamic model, we
use the following formulas at the second and third switching points:

O[1r . f2/=r0/] D [r. f2/ r0]=r0

O[1r . f3/=r1] D [r1 r . f3/]=r1

O
£
1r. f2/

¯
r 4

0

¤
D [r. f2/ r0]=r 4

0

O
£
1r. f3/

¯
r 4

1

¤
D

£
r1 r. f3/

¯
r 4

1

¤

In the next section, we solve an orbit transfer problem between
concentric circular orbits and show the results of the numerical
computations using the analytic solutions contained in Eqs. (48–

87).

Numerical Example
We now consider the transfer between concentric circular

orbits in a central Newtonian � eld (around the Earth with
¹ D 398,600.1445 km3/s2). Suppose that we desire to transfer a
spacecraft with a propulsion system with constant exhaust veloc-
ity c D 3 km/s from an initial orbit with radius of r0 D 6600 km to a
� nal orbit with radius r1 D 26,400 km. This selection of r0 and r1 is
chosen only to demonstrate the solution process, and other radii can
be considered.Thus, for the given r0 and r1, we have ½ D r1=r0 D 4,
k D 0:0011775 rad/s, and k1 D 0:00014718 rad/s. We assume that
m0 D 10,000 kg and ¯ D m0=100 kg/s. The resultingorbital transfer
trajectory, including the two MT arcs, is illustrated in Fig. 3.
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When the variousanalyticsolutionsare utilized, the 32 unknowns
(listed according to switching point) are computed to be as follows.

Switching point 1:

’1 D 0:03256; Ã1 D 1:60336; a1 D 1042:6035

C21 D 6:3303; f1 D 0:03253

P1 D 1042:6023; R1 D 1042:6023

Switching point 2:

®1 D 1:60336; ’2 D 0:03279; Ã2 D 1:60336

µ2 D 0:06535; f2 D 0:00085; ! D 0:0645

p D 10;561:7006; e D 0:59993; t2 D 49:67158

B D 66;988:3772; D D 169;809:6909

Switching point 3:

’3 D 0:00096; Ã3 D 4:77782; µ3 D 3:20607

f3 D 3:14157; a2 D 1042:2544; C22 D 1:0003

Switching point 4:

®2 D 1:57231; ’4 D 0:0013; Ã4 D 4:77782

µ4 D 3:20832; ¿2 D 19:06081; f4 D 0:7854

P2 D 1042:2553; R2 D 1042:2562

Computingd1 yieldsd1 D 1:600257673,which satis� es the inequal-
ity in Eq. (78); therefore, we know that a transfer using MT arcs
exists. The time of the transfer between MT arcs is computed via
Eq. (86) as TNT D 10546:26 s. The dimensions of the thin spherical
layers during the two MT arcs are 1r2 D jr . f2/ r0j D 1:3307 km
and 1r3 D jr1 r . f3/j D 0:01814 km, respectively. Errors in the
minimizing functional and dynamic model, associated with the ap-
proximation, are as follows:

O[1r . f2/=r0] D [r. f2/ r0]=r0 D 2:02e 04

O[1r . f3/]=r0 D [r1 r. f3/]=r1 D 6:87e 07

O
£
1r. f2/

¯
r 4

0

¤
D

£
r. f2/ r0

¤¯
r 4

0 D 7:03e 16

O
£
1r. f3/

¯
r 4

0

¤
D

£
r1 r . f3/

¤¯
r 4

1 D 3:73e 20

These are small enough to justify the linearity assumption of the
central gravity � eld during the MT arcs. Utilizing the magnitudes
of the radius vector, one can evaluate the relative error associated
with neglectinghigher-orderterms in theexpansionof quantity¹=r 3

0
[see Eq. (3)] at the second and third switching points:

j²2j D 2:10e 15 1/km3(at the second switching point)

j²3j D 1:120e 19 1/km3(at the third switching point)

The magnitudeof thevelocityincrementcausedbyanexpenditure
of propellant is 1V D c .m0=m f /. In the case of nonvanishing
external forces, if the exhaust velocity is constant, then 1V can be
treated as a convenient measure of fuel expenditure. It is known
as the characteristic velocity.1 Under the orbit conditions in our
example, the impulsive Hohmann transfer maneuver yields

1VIMP=v0 D [1 .1=½/]
p

2½=.1 C ½/ C
p

1=½ 1 D 0:44868

For comparison, using the analytic solutions we compute the ratio
of characteristicvelocity to the initial velocity to be

1VMT=v0 D 0:448797

When implementing impusive solutions on realistic rockets with
� nite mass � ow rate, it is necessaryto determinepracticalengine-on
times.Therearemany ways this can bedone, and it is not thepurpose
of this paper to address the various techniquesavailable.A separate
study would be required to compare the analyticsolutionsdescribed
hereinwith the variousreal-worldimplementationsof the impulsive
solutions. However, what we can do here is to determine the errors
incurred by utilizing the analytic solution (based on a linear � eld
approximation) in a central gravity � eld. This is accomplished by
employing numerical integration methods.

In the numerical experiments shown in Figs. 4–11, we integrate
the spacecraftequationsof motion utilizing the thrust direction time
history obtained analytically.The numerical integrationwas imple-
mented on a Cray SV1 machine using International Mathematical
and Statistical Library subroutines employing a � fth-order � xed
step Runge–Kutta algorithm. The maximum absolute error for all
computations was 10 9.

Fig. 4 First MT arc: magnitude of radius vector vs time.

Fig. 5 First MT arc: magnitude of radial velocity vs time.

Fig. 6 First MT arc: magnitude of transversal velocity vs time.
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Fig. 7 First MT arc: thrust angle as function of time.

Fig. 8 Second MT arc: magnitude of radius vector vs time.

Fig. 9 Second MT arc: magnitude of radial velocity vs time.

Figures 4–7 describe the time histories of the position magni-
tude, velocity magnitude, and thrust angle (with respect to the local
horizontal) during the � rst MT arc. The plots compare the analytic
results with the numerical integration.As shown in Fig. 4, the error
in positionmagnitudeat the end of the � rst MT arc is approximately
11.0 km. From Figs. 5 and 6, it can be seen that the total velocity
error at the end of the � rst MT arc is about 4%. Figure 7 shows the
differences in the thrust direction. Note from Figs. 7 and 11 that
the thrust angle is less than 1.87 deg, which is consistent with the
linearity assumption [see Eq. (9)]. Note that the thrust angle ’, de-
picted in Fig. 7, is with respect to the local horizontal and not with
respect to the inertial reference axis where µ D 0 (see Fig. 1). As
we proved, the angle Ã with respect to the inertial reference axis
(µ D 0) is constant. For the second MT arc, the results depicted in
Figs. 8–11 show similar trends to the � rst MT arc.

Fig. 10 Second MT arc: magnitude of transversal velocity vs time.

Fig. 11 Second MT arc: thrust angle as function of time.

Fig. 12 Relationship between D VMT and ratio m0/¯.

Analyses of the analytic solutions obtained for different initial
conditions indicate that the characteristic velocity is sensitive to
the values of ½ D r1=r0 and is not highly sensitive to the values of
m0=¯ for given terminal orbits and exhaust velocity. The charac-
teristic velocity vs the ratio of the terminal radii that satisfy the
inequality 2 · ½ · 10 and the mass � ow rate that satis� es the in-
equalitym0=150 · ¯ · m0=60 (which corresponds to the inequality
2g · T=m0 · 5g) are given in Figs. 12 and 13, which show the sen-
sitivity of the 1V to the ratios ½ D r1=r0 and m0=¯ .

It was found that the dimensionless 1VMT=v0 differs from the
1VIMP=v0 of the impulsiveHohmann transfer by at most 0.0005 for
the given ½ from 2 · ½ · 10 (see Fig. 14). Note that the impulsive
Hohmann transfer implies that ¯ D 1 (Ref. 1). From these results
and analyses, one can conclude that fuel expenditure for the orbital
transfer being consideredin the case of using the MT arcs ¯ D const
is comparable to the impulsive transfer ¯ D 1 dependingon initial
conditions and the characteristics of the engine system. Note that
using MT arcs allows one to analyze time historiesof all parameters
for different cases of terminal conditions (while the engine system
is turned on) without relying on numerical integration schemes.
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Fig. 13 Relationship between D VMT and orbit radius ratio.

Fig. 14 Difference D VMT – D VIMP vs orbit radius ratio.

One � nal observation in using the analytic solutions with various
initialconditionsis that theeccentricityof the transferorbit increases
as the radii are increased. It can be shown that this dependency is
similar to the same dependencyobtainedfrom the Hohmanntransfer
case.4

Conclusions
In this paper, the Mayer variational problem of computing op-

timal trajectories of a rocket moving with MT (constant exhaust

velocity and limited mass � ow rate) in a centralNewtonian � eld has
been considered. It was shown that this class of problems admits
an approximation of the central Newtonian � eld by a linear central
� eld when the thrust vector is nearly aligned with the local horizon
and the rocket remains in a thin sphericallayer during the maneuver.
Analytic closed-formsolutions for the MT arcs in the linear central
� eld have been obtained. It is proved that when the � ight time is not
speci� ed, the thrust direction is inertially � xed. The free time min-
imum fuel problem of orbit transfer between coplanar concentric
circular orbits was used to illustrate the solution process compris-
ing two MT and threeNT arcs (including the initial and � nal orbits).
In particular, the analysis shows that the numerical results obtained
using MT arcs are comparable with the characteristicsof impulsive
maneuvers. When viewed as a method for targeting orbit maneu-
vers, assuming practical propulsion system characteristics, that is,
without assuming impulsivemaneuvers, the analytic solutionyields
the rocket engine-on/-off times and the thrust magnitude and di-
rection. Therefore, the solutions obtained for thrust direction may
be useful as a zeroth-order approximation in the development of a
rocket engine steering law applicable in a real gravity � eld.
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