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Extremal Rocket Motion with Maximum
Thrust in a Linear Central Field

Dilmurat M. Azimov* and Robert H. Bishop'
University of Texas at Austin, Austin, Texas 78712

The Mayer variational problem of determining optimal trajectories of a rocket moving with maximum thrust in
a thin spherical layer within a central Newtonian field is considered. The present work is devoted to the analytical
investigation of maximum thrust arcs for a rocket engine with constant exhaust velocity and limited mass flow
rate using the necessary conditions of optimality. Many problems of practical interest admit an approximation of
the central Newtonian field by a linear central field. It is shown that the linear central field assumption is valid
when the thrust vector is nearly tangential to the orbit and the rocket remains in a sufficiently thin spherical layer
during the maneuver. When the linear central field approximationis utilized, analytic closed-form expressions are
obtained describing optimal maximum thrust space trajectories. The problem of optimal orbit transfer between
coplanar circular orbits is considered to illustrate the solution process, which comprises two maximum thrust and
three null thrust arcs. It is shown that solutions of the problem are comparable with solutions based on assumptions
of instantaneous changes in velocity, including the Hohmann transfer.

Nomenclature

a = thrustacceleration vector

B, D, P, R,, = -constantsof the primer vector

Pz, Rz , 0,0,

o, a,ap, d

C = constant of Hamiltonian

Cy1,Cox = integration constants

c = exhaust velocity, km/s

e = eccentricity

F = difference of values of integral sine, rad

F, = difference of values of integral cosine, rad

g = sea-level gravitational acceleration, km/s>

H = Hamiltonian

J = performance functional

k, ky = Schuler frequency, rad/s

m = mass of spacecraft, kg

p = semilatus rectum, km

r = radius vector

t, T = initial time of first and second maximum
thrust arcs, s

t, T = final time of first and second maximum
thrust arcs, s

1 = initial time for second maximum thrust arc
computed from beginning of maneuver, s

v = velocity vector

X; = value of parameter x at the ith switching point

B = mass flow rate, kg/s

Agy, Ag3 = gravitationalerrors at the second and third
switching points, km/s?

Ar = difference between magnitudes
of radius vector, km

AV = velocity change, km/s

dr = width of spherical layer, km

0 = polarangle, rad

A (A1, A2, A3) = primer vector conjugated with velocity

A (g, As5) = vector conjugated with the radius vector

A7 = multiplier conjugated with the mass
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gravitational parameter of central body, km?/s?
thrust angle (angle between primer

vector and horizon), rad

= switching function

= angle between inertial axes and primer

vector, rad

<~
I

Introduction

UR objective is to obtain analytic solutions to the problem

of computing optimal trajectories, that is, minimal fuel ex-
penditure, of a rocket moving in a Newtonian field and possessing
a propulsion system with limited mass flow rate and constant ex-
haust velocity. It is known that spacecraft trajectories may consist
of combinations of null thrust (NT), intermediate thrust (IT), and
maximum thrust (MT) arcs.' In our work, only combinationsof MT
and NT arcs are considered. Previous investigations searching for
analytic methods applicable to MT arcs include those of Marec,’
Azimov,’ and Ehricke.* It was shown by Azizov and Korshunova’
that solving the problem in quadratures requires four first integrals
or two integrals in involution for planar motion. For motion in a
central Newtonian field, these integrals remain unknown. However,
MT arcs can still be studied using 1) numerical techniques or 2)
analytical methods based on using either known impulsive solu-
tions or utilizing appropriate approximations. This paper takes the
latter approach, utilizing a linear central field approximation. More
information on numerical solutions can be found in the works of
Jezewski® and Hazelrigg et al.”

Certain classes of space dynamics problems admit sensible sim-
plifications based on the underlying physics. In such cases, one can
sometimes obtain analytical solutions. For example, consider the
problem of determining optimal orbit transfers and suppose that
the initial and final orbits are circular, but at significantly different
altitudes. When considering impulsive maneuvers, the solution is
the well-known Hohmann transfer or bielliptical transfer. However,
the more realistic situation is that of nonimpulsive maximum thrust
maneuvers employing practical propulsionsystems. In the case of a
central Newtonian field, analytic optimal trajectories are currently
not available. Suppose, however, that the optimal transfer trajectory
contains two MT arcs connected by an NT arc, for example, an el-
liptic transfer orbit. If, as with many chemical propulsion systems
in use today, the time the engines are thrusting, that is, during the
MT arcs, is relatively short, then it might be possible to assume
that during the initial and final maneuvers the spacecraft operates
in individual thin spherical layers and that the width of these thin
layers is small compared to the spacecraft altitude during the ma-
neuvers. Under this assumption it follows that an approximation of
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the central Newtonian field by a linear central field may be a rea-
sonable approximationduring the individual MT arcs. It is shownin
this paper that a linear central field approximation leads to closed-
form analytic solutions completely describing the MT arcs. When
the MT and NT arcs are connected properly, a complete extremal
trajectory can be constructedand described via analytic expressions
for the spacecraft states and costates as a function of time.

Investigations of linear central fields have been reported by Azi-
zov and Korshunova’ and Jezewski ® In the cited works, it is shown
that one difficulty in solving the problemusing a linear field approx-
imation is determining a valid initial control vector. To address this
difficulty, some authors recommended using basic impulsive solu-
tions as starting points and employing an iterative process to satisfy
the terminal conditions and corner conditions$” Another approach
to this problem is to utilize primer vector theory.! This paper is de-
voted to applying primer vector methods to the problem of optimal
transfer of a rocket moving with MT in a thin sphericallayer within
a central Newtonian field.

Linear Field Approximation

The equation of motion for a spacecraftmoving in a central New-
tonian field is

F=—(u/rr+a (1)

where r is the magnitude of the radius vector r of the spacecraft
(representedin a convenient inertial reference frame).

The approximation of the equations of motion involve series ex-
pansions of the gravitationalterm, such that

1
g= % = p; — S%Ar—i— _%(A,)Z
r? r T 2ry
8" (ro) 0
+oE T (A" + OLAN ] = 5 + Ag @)
. I"('J

where
o Ar g
Ar :=r —ry, Ag :%Z(—l)k(k"_l)(k—’_z)(_)
2ry — "o

Substituting Eq. (2) into Eq. (1) and rearranging terms yields
'f-l—(u/rg)r:a—AR 3)

where AR: = Agr.

For problems in which the spacecraft trajectory remains within
a thin spherical layer, that is, when Ar remains small, the quantity
Ag may be neglected. It follows that, when Ag is neglected, Eq. (1)
reduces to the case of the linear central field, wherein

'f-i—(u/rg)r:a 4)

We can now evaluate the relative error in the dynamic model asso-
ciated with neglecting AR in Eq. (3) by first writing

1 1

3 3
r rg

Ar

4
To

3+ 3(Ar/ro) + (Ar/ry)?
1+ 3(Ar/rg) + 3(Ar/rg)? + (Ar/rp)3

Thus, when Ar/ro < 1, the relative error associated with Eq. (4) is
O(Ar/rp).
According to Lawden,' the primer vector is governed by

A= 2 5)

ap

where dg/dp denotes differentiation with respectto a displacement
in the direction A. For the case of a central Newtonian field, we have
g=—(u/r*)r, and we can use Eq. (5) to obtain the primer vector
governing equations as

A= Gu/rHN-rr— (u/rHA ©)

Fig. 1 Primer vector definition and coordinates.

Similarly, in a linear central field, we have g =—(u/r3)r, and we
find that the primer vector is governed by

A=—(u/r)X ™

Using the series expansion for g given in Eq. (2), we rewrite Eq. (6)
as

;\:—(M/rg)/\-l—(i%u/r“)ksin(pr—Ag/\ ®)

where ¢ is the angle between A and a line perpendicularto r. The
coordinate system, defining the angle ¢, is depictedin Fig. 1. Com-
paring Eq. (8) with Eq. (7), and taking into account Ag, one can
conclude that a linear approximation of central Newtonian field is
admissible if

sing ~ 0, Arfry L 1 9)
When sin ¢ = 0, the second term on the right-hand side of Eq. (8) is
negligible. In this situation, the thrust vector is nearly tangential to
the orbit. When Ar/ry < 1 and Ag is negligible, the third term on
the right-hand side of Eq. (8) is negligible.

When solving problems connected with the minimization of fuel
expenditure,itis importantto evaluate the errors in the minimization
functional due to the approximations made in assuming a linear
central field. For such problems, the performance functional can be
represented in the form

T
j:c&m% :/ la(t)| dr (10)
1

0

where my andm, are theinitial and finalrocket masses, respectively,
and c is the exhaust velocity (assumed constant). Utilizing Eqgs. (3)
and (4) in conjunction with Eq. (10) to compute the difference in
the functionals corresponding to using the linear central field and
the central Newtonian field yields the inequality

T
AT < / |AR| dt
0

Define the quantities a, and S as

Ar\”
a, =(=D"(n+1)(n+ 2)(—)

Ty
00 00 Ar n—1
S = L, = —1)" 1 )| —
Ene oo esa()
It then follows that

|Aagl = (/2r3)(Ar/r)S
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It can be shown that

lim |a,,/a,| = (Ar/rg) lim [1 +2/(n +2)] = Ar/r

and if Ar < ry, we have

lim |an+1/an| <1
n— 0o

Then, according to D’ Alambert’s convergence test, the series

o0
>
n=1

converges® and

lai| > lay| > las| > ---la,| > -

with a, — 0 as n — oo. Consequently, the sum § is bounded above
by a finite value, which is denoted here by L. Because AR = Agr,
we have

|AR| < L(Ar/ry)(1 + Ar/ry) (11)

where
L= (M/ng)L

Therefore, the error in the performance function due to the linear
central field approximationis bounded above by

T ~ Ar Ar T
AT < | Iarldr<i=2Z(14+ 22 dr
0 "o "o 0

=Zﬂ(1+ﬂ>T=o(ﬂ> (12)
) ) ro

We conclude that the relative error resulting from ignoring AR is
O(Ar/ry).

In summary, alinear approximationof the central Newtonian field
is admissableif the rocket trajectory remains within the boundaries
of a thin spherical layer, the width Ar of which is small compared
to the magnitude of the radius ry and sin ¢ ~ (. The linear central
field approximationleads to a relative error on the order O(Ar/ry)
in the dynamic model and relative error on the order O(Ar/ry) in
computation of the performance function.

Canonical Equations and First Integrals for MT Arcs
The canonical system of equations for a rocket in a linear central

field are given by?*

F=v, v = (cB/m)(A\/)) — k*r, m=—_

A=\, A = k2, A= (cB/mHr  (13)

The Hamiltonian is
H=—k\-r)+\ v +Bx (14)
where the switching function' is defined to be
X = (c/m)r — iy

In a polar reference frame (for the planar case), we use the co-
ordinates (r, 8), as depicted in Fig. 1. Let A;,i =1, 2, denote the
components of the primer vector A, where A :=||A|| #0 for MT
arcs, except for cases when a reversal of thrust direction occurs.
Define the vector A,, conjugated to the radius vector, as

A =k Mua/r) = da(ui/r) +As/r]" (15)

Denote the multipliers conjugated to r and 6 as A4 and Xs, respec-
tively, and A, as the multiplier conjugated to the mass m. In planar
polarcoordinates,the canonical systemin Eq. (13) can be expanded,
yielding

6=uv/r, O =(B/m0Oa/r)—kr+(:2]r)
vy = (cB/m)(A2/A) — (viv2/1), m=—p
Ay = =201 (V2/F) + Ao (01 /7) — (As/r)

b= [(02/7) 4 ] =2 s/ 72) 35 (/)

j\.szo,

f=U1,

j»1 = Aa(va/7) = A4,

Ay = (cB/mH)A (16)
and the Hamiltonian in Eq. (14) reduces to
H = Al[(vg/r) — kzr] — X (V12 /1) + dvy + As(v2 /1) + Bx

From the canonicalsystemin Eq. (13), we determine that the primer
vector is governed by

A=—k*x
and, in (A, ¥) coordinates, has projections

h—Ay2 = —k2A, 20 + A =0 (17)
There exist four first integrals associated with the primer vector
projectionsin Eq. (17). Two of the first integrals are

A2 = =kt = o2, VY=o (18)

When v # 0, we have the additional first integrals

M =gq/[l +ecos2(y — ¢)]

kt = arctan[\/ (1—e)/(1 +e)tan(y — ()] -y (19)

The variables v, o, y, and ¢ are independentintegration constants,
and g and e are related to v and o via

(1 —e*o? =k%*q?, (1 —e*)? =2k%g (20)
From Eg. (18), it follows that, when v =0, we have 0 =0, and y,
¢, g, and e play no role in the solution.

The first integrals in Eqs. (18) and (19) define hodographs of the
primer vector for the MT arcs. When the quantity e is depended
on, the hodograph of the primer vector is a central ellipse (e < 1), a
straightline (e = 1), oracircle (e = 0). It can be shown that choosing
the central ellipse leads to analytical closed-form solutions repre-
senting motion along circular trajectories. In this paper, the primer
vector trajectories are taken to be straight lines. Three other first
integrals associated with the canonical system are found to be

Al[(”%/”) —kz”] — A (ivy/7) + Aqvy + As(va /1) + xB=C

m =my— ft, As = Aso 2n

where C, my, and A5y are independent integration constants.

Consider a fixed Cartesian coordinate system OXYZ and a co-
ordinate system Oxyz that is rotating with angular velocity 6 with
respectto the OXYZ, as illustratedin Fig. 1. If A is a derivative of A
in the OXYZ system, and A is a derivative of A in the Oxyz system,
then

A=XA+6k x A (22)
In (r, 0) coordinates, the rocket equations of motion are
P — 0% = cBr/mi — kr, ré 420 = cBry/mir  (23)

Introducing the transformation A = rq, and with the definition

. Yq

‘I-ZE

we compute the derivatives

. dqg . )
i =0 /’ — 92 " + 0 /
q q a q q
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Using Egs. (22) and (23) and the derivativesjust defined, we obtain

X =r0%q" + (cB/m)(./M)q + (cﬂkl/mk - kzr)q

+ (cBra/mM)k, X g+ 2r0%k; x ¢’ +r6%k, (q - k1) (24)

With g = q(u,, u,), it follows that A, = ru, and A, =ru», and, using
Eq. (24), the projections of A on the polar coordinate system axes
are

), = rézu’l' + (cB/mMrusu’ + (cB/MMrut — k*ru,
— (cB/mryrud — 2r6%ul, = —k*x,
(X)g = rézu’z' + (cB/mA)rusuly, + (cB/mA)ruus — k*ru,

+ (cB/mA)rujuy + 2r9.2u’1 = —k*), 25)

When the relationships given in Eq. (25), together with the integral
for the Hamiltonian given by the first expression in Eq. (21), are
utilized, it can be shown that

éz(u’l’ —2u)) + (cﬂ/mk)(uzu’l + u% — u%) =0
02 (uy + 2u') + (cB/mA) (uauy + 2uyuz) = 0 (26)
The first integral associated with Eq. (26) is
ul+ui+2Cu, =0 27
where C| # 0 is an integration constant. Using that

Al = Asing, Ay = Acosg (28)
substituting »; =ru; and A, =ru, into Eq. (27), and simplifying
yields

r =1Cy/cosg (29)

where C, = —1/2C,. Note thata singularityoccursin Eq. (29) when
cosg = 0. However, if cos ¢ =0, then the linear field assumption,
that is, sin g ~ 0, is violated. Therefore, it is reasonable in our case
to assume that cos ¢ # 0. Also, cos ¢ =0 implies that the rocket is
thrusting radially from the central attracting body, a scenario not
consideredin this paper.
Using that 7 = vy, r6 = v,, A, =X cos ¢, and
p=m/D)+0—-y p=0—-1)

we take the time derivative of Eq. (29) and substitute appropriately
into the equationfor 4, from the canonical system givenin Eq. (16),
yielding the important relationship between As and v:

(which implies

As = —2rAsingy (30)

Utilizing Egs. (18) and (28), we find that Eq. (30) can also be written
as

As = —Qorsing/L) 31

Analytic Solutions for Maximum Thrust Arcs

In this section, we present the analytic solutions to the problem
of optimal motion in a linear central field. The solutions are general
in the sense that the particular performance functional J is not
specified.

Using the expressionsin Egs. (16), (18), (28), (31), and that

@G=0—y =v,/r —o/A2
we obtain the relationship
v — vy — ks — (/A2 rz—o (M /32)r =0 (32)
where we define

7= VA2 — k2t — o2

Similarly, starting with the expression for A; from the canonical
system given in Eq. (16), namely,

j‘l =M (v2/1) — Ay
we make appropriate substitutions to obtain the relationship
o= 0(1a/2) = (11 /32)2 (3

Using the Egs. (29), (32), and (33), we rewrite the integral for the
Hamiltonian [the first expressionin Eq. (21)] as

Ak + o2

B — o} —o
A%z z

%(Czktanw) + |: i|(C2)\tan<p) — |:

which can be integrated in quadratures yielding tan ¢:

tan(p = (/’l] + Q)/Cz/’lz)n

where
"AxB—C)h
/’11:—/ (Xﬂ )zdf, h2:€h3

0 Z

o472 2 t

Atk +

h3=/ —_ 7 ar, X:/ - zdr + xo (34)
0 Az o MA

and where o, C, C;, xo, and Q are integrationconstants. Collecting
all of the relevant equations, the general solution is found to be

Uzzr[%"‘d}

Z
v, =r|:ﬁ +dtan<pi|,

LC b4
r=— O=p+v——, m=my— Pt
cos @ 2
. A A
AL = Asing, Ay = A COS @, )\4_0F_Fz
t
A
)\5 = )\50» )\7 ZCﬂ/ Wdf +)n70 (35)
0

where

-C 2 1
d:(XﬂC coszq;—%sin&p);

2

and where m, Asg, v, and A5, are integration constants. The values
of the various constants are problem specific and depend on the
boundary conditions and on the selected performance index. Note
thatthe variables A and ¥ are explicitfunctionsoftime [see Egs. (18)
and (19)]. The expressions (35) are the solutions of the canonial
system of equations (24) and describe MT arcs in the linear central
field regardless the functional of the problem or whether time is
fixed or free.

In the particular case of free final time (when C =0) and mini-
mum fuel, that is, J =my— my, it follows from the transversality
condition' that

where the subscript1 denotesthe value atthe final time. Accordingto
the firstintegrals of the canonical system of equations[see Eq. (21)],
we know that A5 is a constant, and, according to the Weierstrasscon-
dition, it has to be continuous over the entire trajectory.! Therefore,
we have

As=Xso =451 =0
Recalling Eq. (31), we obtain the important result that

osing =0
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Thus, we can consider two cases: 1) 0 =0 and sing #0 or 2)
sing=0 and o #0. If 0 #0 and sing =0, we have the case of
tangential thrust, which, although representinga problem of practi-
cal interest, is not considered in this paper. Accepting that sin ¢ 7 0
and o =0, we find from Eq. (18) that 0 =0 implies ¥ =0 (because
A #0), and hence,

¥ =Y

where v, is a constant. With v =0, we can solve Eq. (17) for A,
yielding

A = asin(kt + )

wherea and o areintegrationconstants,and, in terms of vin Eq. (18),
we have the relationship v = ak. That 1y = 0 implies that the hodo-
graphof the primer vectoris a straightline and the directionof thrust
is inertially fixed. We make the following definitions:

x = (kmo/B) — kt,

xo:=kmy/B, oy :=o + (kmy/B)

Then, with 1// =0 and A =a sin(kt 4+ «), the switching function is

! kt
X = akc/ —COS( +o) dr
0 my — ﬂt

_ ake |: /X sin(g) sin(x) — cos(a) cos(x) dxi|
- B X0

x
akc . . . . .
= T{Sln(ao)[& (x) — Si(xg)] — cos(ap)[Ci(x) — Ci(xo)}

akc .
= —T[Fl (X9, X) sin(ag) + F>(xg, x) cos(ag)] (36)

where
Fy = Fi(xo,x) = Si(x) — Si(xg)

F; := Fy(xp, x) = Ci(x) — Ci(xg)

and the functions Si(x) and Ci(x) are integral sine and integral
cosine functions:

o0 _1)i+1,2i—1
Si(x) = (1)—x
— Qi —1DQRi—1)!
) a oSl (_1)ix2i
Ci(x) .—Cg-i—ln(x)-l—;m

where Cy = 0.577216is the Euler-Mascheroniconstant (see Ref. 8).

The complete solution to the free final time, minimum fuel prob-
lem, obtained from the general solution described in Eq. (35), is
given by

v, = rlk cot(kt + «) + ¢ tan ]

sin xB 2cos? ¢
v, = —al, + = -
cos(kt +a)  ak aC,sin2(kt + a)
sin(kt + ) b4
r=aCy——, =9+ yYy— —
: cos @ ¢+ 2

m = my — Bt, A1 = asin(kt + «) sing

Ay = asin(kt + ) cos ¢, Ay = —akcos(kt + a) sing

) |:sin(kt + )

)\7 = acm " ﬂl‘ i| — X + )»70 (37)
0—

where
tan o tan @ xB 1 cs
tang = —_—
tan(kt + o) ak aCyk  aCsktan(kt + a)
_ k sin2¢ N xB 2cos? ¢

T Sint(ke + @) ‘ak aC, sin2(kt + )

s = F,sinay — F) cosq

and ¢, is anew integrationconstant. Expressions(37) are the closed-
form analytical solutions of the canonical equations (24) for the
free final time problem and describe motion along the MT arcs.
We note that in our problem statement the mass flow rate is limited.
Therefore, our solution is not equivalentto the case of instantaneous
velocity change, which, as pointed out by Battin,” is generally an
inadequateassumptionif oneis interestedin developingrocket guid-
ance solutions. The last expression of Eq. (37) can be modified to
represent an approximate optimal rocket engine steering law in a
realistic gravitational field. This is an extension of the idea of em-
ploying a linear-tangent steering law that can be obtained by using
constant gravity vector.’

Transfer Between Circular Orbits

In this section, we apply the closed-formanalytical solution given
in Eq. (37) that describes the minimum fuel trajectory along an MT
arc in a linear central gravity field to the problem of optimal free
final time transfer between concentric circular orbits in a central
Newtonian field. The problem scenario is illustrated in Fig. 2. The
trajectorycomprisesfive separatearcs: NT-MT-NT-MT-NT. In this
situation, the first and last NT arcs are the initial and final circular
orbits, and the center NT arc is assumed to be a Keplerian elliptical
transfer orbit. The spacecraftis transferred to the elliptic orbit with
parameters e, p, and w from the initial orbit by the first MT arc.
The second MT arc transfers from the elliptical orbit to the final
circular orbit. Consequently, the optimal trajectory must contain
four switching points, as depicted in Fig. 2. The first switching point
is on the initial circular orbit, the second and third switching points
are on the elliptic transfer orbit, and the fourth switching point is
on the final circular orbit. The assumption of a linear central gravity
field applies only in the two individual thin layers around the initial
and final orbits, that is, only during the MT arcs that coincide with
the time that the propulsion system is operating. The performance
function that we minimize is the difference between the initial and
final mass, that is,

J =mg—m,

The initial conditions are given as

t=1,=0, r=ry, vy =0, vy = kry, m=my
and the final conditions are
=1, r=r(ry #ro), v =0, v = ki1

where k = /(1 /r3) and ky = \/(w/r?) and vy and vy, are the radial
velocity components at the initial and final times, respectively,and
vy1 and vy, are the transversal velocity components at the initial and
final times, respectively. The phasing on the initial and final orbits
is assumed arbitrary.

According to the theory of optimal trajectories, at the switching
points, the radius, velocity, and primer vectors must all be contin-
uous, and the switching function x must vanish.! We will utilize
x =0 to obtain expressions for o and s at the second and fourth
switching points. Using the formulas given in Eq. (37) for the first
switching point, we obtain
sin

T
0= +v1— =, rg = a;Cy
2 COS ¢

sina; .

@1,
COS @)

kr0=a1C21 P1 SiIlf] =alsinalsin(p1

2P cos fi + R; = a; sina; cos ¢;

P, cos fi + R, = a, cosa, sing, (38)
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NT  ¢=0 MT NT MT NT ,
P—— %
0] [} ) ]
7=0
r=r, r=r
. =0 v, =0
Given | V1t 12
v vy =kr, vy =k 7,
m=ny

Fig. 2 Transfer between two circular orbits with maximum thrust.

where f; is the true anomaly; 6; = 0 is the polar angle of the ini-
tial point of the first MT arc, which can be set to zero due to the
assumption of arbitrary phasing on the initial orbit; and

. k sin2¢;

o1 =———— (39
sin 2

On the basis of the properties of the switching function at the

switching points, and using expressionsfor the radius, velocity, and

primer vectors for motion on elliptic orbit NT arcs and on MT arcs,

we obtain the following conditions at the second switching point:

bid
Fisinaz + F, cosaz = 0, 92=¢2+1/f2—3=f2+w

p c sin(kt, + ay)

— = a0y
1+ecos f, [N

. sin(kt + o .
ﬁe sin f, = aICZI(—I)[k cot(kt + 1) + ¢, tangs ]
V' p cos g

2

sin(kt, + ) .

ﬁ(1‘|‘6’00sz)=01€21(z—l)fﬁz
Vp COS @y

Besin f, = a; sin(kt, + «y) sin @,

B(1+ecos fr)+ = a, sin(kt, + ;) cos ¢,

1+ecos f>
Yo =9 (40)
where
tang; tan o CSy
tan(ﬂz =
tan(kt; + ;)  a;Cyik tan(kty, + ay)
. k sin2¢, F s F
= s, = Fysinaz —
& sin2(kt, + ay) : 2SI 1eosas
km, . .
W3:W1+T» Fy = Si(x;) — Si(x))
Fy = Ci(xy) — Ci(xy)
km km
M= Y=g ki

and where (p, e, w) are parameters of the elliptic transfer orbit, 7,
and t, are the initial and final times on the first MT arc, respectively;
and ¥, =, because i is a constant. Without loss of generality,
we can choose #; =0, and doing so allows us to say that the total

maneuver time, that is, the time the propulsion system is operating,
for the first MT arc is given by #,.

We introduce a new variable T to denote the total time of motion
on the second MT arc that satisfies the inequality 1, < 7 < 1,, where
7, and 1, are the initial and final time of the motion on the second
MT arc. Withoutloss of generality, we can choose 7, = 0, and doing
so allows us to say that the total maneuver time for the second MT
arc is given by 7,. The variable 7 is related to the total current flight
time t by T =1 — 13, where t > 3 and £; is the final time on the elliptic
transfer orbit, that s, #; is the initial time of the second MT arc, and
is computed from the beginning of the first MT arc at ¢, =0. For
the final time 7,, we have 7, =1, — t3, where #, is the final time of
motion on the second MT arc and computed from #; =0 (see Fig. 2).

At the third switching point, the following conditions must be
satisfied:

93=</’3+1/f3—%=f3+w’ P o

=a,C
1+ ecos f3 S

COoS 3

/ . sino .
ﬁe sin f3 = a,C», 2 [k cotay + @3 tan @3]
p COoS @3

sina; .
/ﬁ(l +ecos f3) = a,Coy >3
p COS @3

Bessin f; = a, sina; sin @3

D
B(1 4+ ecos + ———— =@, sinw, cos
( f3) TS ecos I 2 sina; cos g3
a; sin(kit, + ;) = a; sinay 41)
where
. k1 sin2¢:
o3 = —T% (42)
sin” o,

At the fourth switching point we have

n
94=</’4+1/f4—3

2 sin(k; 7, + a3) .
— = @ Cpp—————¢,
r COS @y

P, sin fy = a, sin(k; 7, + o) singy

Fssinay + Fycosay =0,

sin(k; T, + )

COS @4

r =aLxp

P, cos fu + R, = a; cosa, sin gy
2P2 CosS f4 + Rz =a Sin(klfz +Olz) COS @4, I/f4 = '(/f';
(43)
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where
" tan @3 tan o CSy
ang, =
¥4 tan(klfz + 0!2) a,Crk, tan(kltz + Olz)
. k1 sin2¢,
= s, = Fysinay — F3cosa
¢ sin2(k1t2 +Olz) : ¢ N } N
k,(my — Bt
w=art (OT’“ Fy = Sixy) - Si(x;)
. . kymg
Fy = Ci(xy) — Ci(x3), X3 = B — kit
kym
Xq4 = % — kl (12 + Tz) (44)

The transversality condition (taking into account the arbitrary
phasing on the boundary orbits) is

Ap=——=1 (45)
om,

at 7. Consequently, at the fourth switching point we have
cay sin(k T, + ay) = chg =my— B(t, + 12) (46)

The flight time between the second and third switching points is
determined by

B—t =+/[p*/u(l —e*)3][E3;— E;—e(sin E3—sin E;)]  (47)
where

tanE, /2 =+/(1 —e)/(1 +e)tan f,/2
tan E5/2 =+/(1 —e)(1 +e)tan f5/2

In total, we have Eqgs. (38), (40), (41), (43), and (45-47), which are
sufficient to determine the unknowns «;, @;, f;, 60;, ¥:, a;, Cy;, P;,
R;,B,D,t;,p,e,w,a;,and f,, wherei=1,...,4and j=1,2,
and, without loss of generality, we choose?; =0, t; =0, and 6, =0.

We can now begin the process of solving for the 32 unknowns.
At each switching point (see Fig. 2), the unknowns are 1) switching
point 1: ¢y, ¥y, ay, Cay, Py, f1, Ry;2) switching point 2: «y,¢,, ¥,
0, f2, , p, e, tr, B, D; 3) switching point 3: @3, V3, 63, f3, a2, Ca2;
and 4) switching point 4: ay, @4, V4, 04, T2, Pa, f4, Ro.

First, by appropriate choice of the reference line f =0 (see
Ref. 1), from the first equation for primer vector at the first switch-
ing point, we find that f; =0 and ¢, =0. Then, using Eq. (38), and
taking into account Eq. (39), we determine that

o = arctan(—F, /Fy) — (kmqy/B), f1 = arctan(— sin 2¢, /2)

¢ =a;+m/2, ¢ =k, ro=—Cya, (48)
and, from Eq. (43) and (44), we obtain
ay = arctan(—Fy/ F3) — ky(my — Bt,)/B
f1 = arctan[—sin 2(k1 7, + o) /2], os=kitn+or+m/2
@y = ki, r = —Cna, (49)
From Egs. (40) and (48), it follows that

p cos g,

ecos fr = ————— 1 (50)
ro siny
2., ainl
ﬂe sin f, = _kro—cos L (51)
JP COS Y COS @)
where y =kt, + «;. Substituting Eq. (50) into (40) yields
p = rotan’ y tan’ @, (52)

from which it follows that

cos
ecos f, = —tan’ y tan’ @, 2 _ (53)
cosy
) cos’y — sin® @,
esin f, = tany tan o, ————————= (54)
COS Y COS ¢,

The expressions in Egs. (52-54) for p, e, and f, are given in terms
of y and ¢,. Equations (41-43) have the same form as Eqs. (38-40);
therefore, we can obtain expressionsin the form

p = ry tan’ o, tan” s (55)
cos
ecos f3 = — tan” o, tan” g3 LEN 1 (56)
cos o,

2 -2
. cos? oy — sin” @3
esin f3 = tana, tan g3 ———————— (57)
COS @ty COS @3

Thesethree equationsallow us to determine p, e, and f; as a function
of ¢3. Solving for the integration constant B from Eqs. (40) and (41)
and equating the resulting expressions leads to

a; siny sin g, a, sina; sin @3

esin f, - esin f3 (58)
Then, substituting
a, = a,(siny/sina,)
into Eq. (58) yields the relationship between the angles
sin f3/sin f, = sings;/sing, (59)
Equating the expressions (52) and (55) for p, we obtain
tan® y tan® ¢, = p tan’ o, tan® ¢, (60)

where p =r;/ry. Substituting sin f3 obtained from Eq. (59) into
Eq. (57) yields

. 2 )
) sin @, cos® o, — sin® @3
esin f, = tana;, tan g3 — (61)
Smmes  COS, COS Y3

Equating the expressionsin Egs. (54) and (61) for e sin f, and also
using the expressionsin Egs. (53), (54), (56), and (57), we obtain

sin @, cos? o, — sin® @3

tan o, tan ©3—
S1n @3 COS 2 COS @3

2 2
cos” y — sin
= tan y tan ¢, L L (62)
COS Y COS ¢,

cos ¢,

cosy

. 2
cos? y —sin® ¢,
COS Y COS

2
+ 1i| + |:tanytan<p2

2
cos
LE 1}
0S &y

= |:tan2 a, tan’ s
c

|:tan2 y tan® @,

cos as — sin® @3 |
+ |: tan o, tan @3 S AL 2] (63)
COS a; COS @3
From Egs. (60) and (62), we have
cos? y — sin®
VB U sing (64)
COS Y COS @,
tan?
cos’y = L (65)

tan’ @, + d|
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where d; and d, are defined as

1 cos® o, — sin® @3
J/Psing;  cosa, cosgs
(66)

d, = ptan® o, tan® @s, dy :=

Then, from Egs. (64) and (65), it follows that
d3 = cos’ y[(1 —d))?/d,] (67)
From the last expression we obtain
cos® o, — sin® @3
— = dpsin’ g (68)

coS ) COS 3

Substitutionof Egs. (64-68) into Egs. (63) gives the following equa-
tion in terms of ¢, and d; :

d, 1 ? d, 1 ?
— 1| - +1
cosy Y tan’ y + d, Jpcosa, V ptan’ o, +d,

+ cos* y (1 — dl)z( sin® @, — sin’ <p3) =0 (69)
where
sin ¢, = 4 sin® @3 = 4
¢ tan>y +d,’ & ptan? o, +d,
y = kt; + a, (70)

The unknown d; can be found by the use of the expressions for
the switching function and angles ¢, ¢,, and ¢,. Indeed, using the
expressionsfor ¢, and ¢,, we can write

tanw; tang; = —1, tan(k, 7, + ap) tang, = —1  (71)

From the first equations of Egs. (40) and Egs. (43), one can obtain

F, = —F(sinas/ cosas), Fy = —F;(sinay/cosay) (72)

Substitutionof Egs. (71), Egs. (72), and the first equationof Egs. (66)
into the corresponding formulas for ¢, and ¢, leads to

2 2
F d F
dy=|1-—1 | Qg (73)
kry cos o 0 kyry cosay

and excluding d; results in

2
F, F.
krg cosas kirycosay

which contains the unknowns #, and ;.

Substituting Egs. (73) into Egs. (69), one can obtain an equation
that also contains the unknowns #, and 7,. Therefore, Egs. (69) and
(74) serve to find , and 7, as functions of given quantities

by = t,(p, ro, ¢, My, B), T, = Ta(p, ro, ¢, Mg, B)

Note that these functions cannot be written explicitly because
Egs. (69) and (74) contain integral sine and integral cosine, the
arguments of which are linear functions of #, and 7,. Once these
quantities become known, then all other unknowns can be found in
terms of elementary functions as described hereafter.

The constants«; and o, are computed by the use of Egs. (48) and
(49). The quantity d; is found by the use of one of the equations
of Egs. (73). Substituting Egs. (60) into Eq. (63), we obtain an
expressionin terms of ¢; and a,:

[ 2d, +d1 -
Vo +d) Y

where

b
! +d1}b§—2\/71b2 —2d, =0 (75)

br—d
bzz‘/—l(zr Dy
d\p>(1 —dy)

by =(p— dl)sinz 0,

Between tan @3, d,, and d;, we have the following relationships:

d
tan® 3 = —12 (76)
o tan” o,
2 (,0 — dl)z .2
dy = ———sin" o, 77)

d,p?

Equation (75) yields complex rootsifd; < 1, which, as follows from
Eqgs. (52) and (55), correspondsto the inequalitiesd, < 1 and p < ry
or p > r;. Therefore, the value of d, from Eq. (75) should satisfy
the condition

1<d <p (78)

To exclude complex valued solutions, it follows from Egs. (68)
and (75) that we must satisfy the following relationships:

di #p (79)
dy —d >0, d—d,>0
or
dy—d, <0, d —d,<0 (80)
where

1— (1/p)sin” @, — [(1 — p)/p]sina,
1—(1/p%)sin’ a,

dll =

1 — (1/p)sin” an + [(1 — p)/p] sina,

d,, —
2 1 —(1/p?)sin’ o,

Thus, the transfer between concentric circular orbits in the central
Newtonian field using two M T arcs is possibleif the boundary orbits
satisfies the inequalitiesin Egs. (78-80).

If d; is known, then the other solutions to the problem can be ob-
tained as follows. The thrustangles at the second and third junctions
are found from Eqgs. (66) as

tang, = +/d, /tan’ y, tangs; = +/d; /p tan® ay

Then, from Eqgs. (52-57), we obtain the eccentricity e, semilatus
rectum p, and angles f> and f3:

p = rotan’ y tan’ @,

2
d 1
> 1 2 22
= —/ ——+1 1—d
e |:cosy )+ 4, + i| + cos” y( 1)~ sin” ¢,
tanfz Z—[\/ dldzsinwz/(dlm-l—l)}
cosy
e d cosg;
tanf:; = — d1d251n(/)3 —_—+1
L cosan

where d, is computed using Egs. (66). The true anomalies and ¥
angles are found by the use of the expressions

Vi =(/2) — o1 = —ai, Vo =Y,
Vs =03 — 3 + (7/2), V4 =3
0, =Y + ¢ — (/2), =6+ f3— f

94=I/f4+(/)4—7'[/2

The transversality condition given in Eq. (45) can be used to find
a.

(¢/Baysin(k T, + ) =mo/B — (t, + 1) (81)
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The integration constants a;, C,;, and C,, obtained using
Eqs. (41), (48), and (49) and the continuity condition for the mag-
nitude of the primer vector at the second and third switching points

a; sin(kty + o) = as sina,
are found to be

a, sin o o r
ay = =" Cy =——, Cyp=——
sin(kt, + ay) a a

The value of A can be found as
Ao = a; sinq; (83)

Consequently, Egs. (40), (41), (43), and (46) yield the relationships
2tan f; = sin2¢qy, R, = —a; sina;

a; siny sing,

esin f,

2 2
cos cos
D:—B(dl - </72> —a sinycosq;z(dl - </72>
siny siny

P, = a3(1+sin* g, cos’ ) (84)

R, = —a, cos’ @4+ 2a,, B =

P, =a,sina,,

The multiplier A; has the following valuesaccordingto the condition
x =0 at all switching points:

ca; sina,

A = — at t=1t = 0
mg
cay sin(kt, + o
5, = Sisinkh + o)) st i=p
my — Bty
ca, sina,
Ay = ———— at t=1=0
my — Bt
ca, sin(k; 7, + o
, = Losintn @) at t=m (8

my — Bty + 12)

Using Eq. (47) and the expressions valid at the second and third
switching points, namely,

tan(E,/2) =/ (1 —e)/(1 +e) tan(f>/2)
tan(E;/2) = +/ (1 —e)/(1 +e) tan( f3/2)

Second MT arc _
P,
T

we obtain an expression to compute the time interval of the motion
along the Keplerian transfer orbit. The time of the NT arc is

Tnr = V[P /(1 — €)*1[(E5 — E») — e(sin E3 —sin E)]  (86)

The gravitational errors at the second and third switching points
due to the linear field approximation are determined by formulas

leal = |1/ () —1/73). lesl = [1/ri=1/r(f)| 87)

where

r(f) = p/(1+ecos f), r(f3) = p/(1 +ecos f5)

To evaluate the relative error O(Ar/ry) in the performance func-
tional and the relative error O(Ar/ry) in the dynamic model, we
use the following formulas at the second and third switching points:

O[Ar(f2)/ro)] = [r(f2) —rol/ro
O[Ar(f3)/n] = [r —r(f3)]/n
o[arf) [ri] = lr(f) = rol/rg

olarc)[ri]=[rn—ris/ri]

In the next section, we solve an orbit transfer problem between
concentric circular orbits and show the results of the numerical
computations using the analytic solutions contained in Eqs. (48—
87).

Numerical Example

We now consider the transfer between concentric circular
orbits in a central Newtonian field (around the Earth with
1 =398,600.1445 km?/s?). Suppose that we desire to transfer a
spacecraft with a propulsion system with constant exhaust veloc-
ity ¢ = 3 km/s from an initial orbit with radius of r, = 6600 km to a
final orbit with radius r; =26,400 km. This selection of ry and r; is
chosen only to demonstrate the solution process, and other radii can
be considered. Thus, for the given ry and r;, we have p =r, /ro =4,
k=0.0011775 rad/s, and k; =0.00014718 rad/s. We assume that
my=10,000kg and 8 =m(/100kg/s. The resulting orbital transfer
trajectory, including the two MT arcs, is illustrated in Fig. 3.

First MT arc

-----

e

Final orbit o :"-: e :

rl/ro =4

—,

N,

T~ Tnitial orbit
rp=6600 km

Fig. 3 Transfer trajectory including two MT arcs.
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When the various analytic solutionsare utilized, the 32 unknowns
(listed according to switching point) are computed to be as follows.
Switching point 1:

¢ = —0.03256, Y = 1.60336, a; = 1042.6035
C,y = —6.3303, fi =—0.03253
P, = —1042.6023, R, = 1042.6023
Switching point 2:
a; = —1.60336, ¢, = 0.03279, Y, = 1.60336
0, = 0.06535, f> =0.00085, o = 0.0645
p = 10,561.7006, e =0.59993, t, =49.67158

B = —66,988.3772, D = —169,809.6909

Switching point 3:
@3 = —0.00096, Y3 =4.77782, 03 = 3.20607
f3 =3.14157, a, = —1042.2544, C,, = 1.0003
Switching point 4:
a, = —1.57231, ¢, = 0.0013, Yy =4.77782
0, = 3.20832, 7, = 19.06081, fo=0.7854

P, = —1042.2553, R, = —1042.2562
Computingd, yieldsd, = 1.600257673,which satisfies the inequal-
ity in Eq. (78); therefore, we know that a transfer using MT arcs
exists. The time of the transfer between MT arcs is computed via
Eq. (86) as Tyt = 10546.26 s. The dimensions of the thin spherical
layers during the two MT arcs are Ar, = |r(f,) —ry| =1.3307 km
and Ar;=|r; —r(f3)|=0.01814 km, respectively. Errors in the
minimizing functional and dynamic model, associated with the ap-
proximation, are as follows:

OlAr(f2)/ro] = [r(f2) —rol/ro =2.02e — 04
OLAr(f5)1/ro = [r1 —r(f3)]/r = 6.87e = 07
olar(f) [rg] =[r(f) —ro] /i =7.03¢ — 16
olar(f) [rg] =[rn—r(m)]/ri =3.73¢ =20

These are small enough to justify the linearity assumption of the
central gravity field during the MT arcs. Utilizing the magnitudes
of the radius vector, one can evaluate the relative error associated
withneglectinghigher-orderterms in the expansionof quantity i / rg
[see Eq. (3)] at the second and third switching points:

l€,] = 2.10e—15 1/km’(at the second switching point)
les] = 1.120e—19 1/km’(at the third switching point)

The magnitudeofthe velocityincrementcaused by an expenditure
of propellant is AV =c bu(my/m ). In the case of nonvanishing
external forces, if the exhaust velocity is constant, then AV can be
treated as a convenient measure of fuel expenditure. It is known
as the characteristic velocity.! Under the orbit conditions in our
example, the impulsive Hohmann transfer maneuver yields

AVivp/vo = [1 = (1/p)1V/2p/(1 + p) ++/1/p — 1 = 0.44868

For comparison, using the analytic solutions we compute the ratio
of characteristic velocity to the initial velocity to be

AVMT/UO = 0.448797

When implementing impusive solutions on realistic rockets with
finite mass flow rate, it is necessary to determine practicalengine-on
times. There are many ways this can be done, anditis not the purpose
of this paper to address the various techniquesavailable. A separate
study would be required to compare the analytic solutionsdescribed
herein with the variousreal-worldimplementationsof the impulsive
solutions. However, what we can do here is to determine the errors
incurred by utilizing the analytic solution (based on a linear field
approximation) in a central gravity field. This is accomplished by
employing numerical integration methods.

In the numerical experiments shown in Figs. 4-11, we integrate
the spacecraftequations of motion utilizing the thrust directiontime
history obtained analytically. The numerical integration was imple-
mented on a Cray SV1 machine using International Mathematical
and Statistical Library subroutines employing a fifth-order fixed
step Runge-Kutta algorithm. The maximum absolute error for all
computations was 107°.

6,614

6,612

6,610

6,608

—e—integration~

6,606 | /
6,604 [ /
6,602 [ i ]

L R~ anaiyt|c_\>‘./’_/_:

6,600 [ w— . e e T

Magnitude of radius-vector [km]

6,598“""""

0 10 20 30 40 50
Time [s]

Fig. 4 First MT arc: magnitude of radius vector vs time.
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Fig. 5 First MT arc: magnitude of radial velocity vs time.
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Fig. 6 First MT arc: magnitude of transversal velocity vs time.
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Fig. 8 Second MT arc: magnitude of radius vector vs time.

0004 ——————————— 7 [ ————

—&— integration
—o— analytic

. 0003 [
w ‘
€ i \3\
3 i
5 0002
= r
8 i
£ 0001 |
s 0 [ \
g ‘
[1+]
& [
. \s\ s
0001 . 1
0 5 15 20

10
Time [s]

Fig. 9 Second MT arc: magnitude of radial velocity vs time.

Figures 4-7 describe the time histories of the position magni-
tude, velocity magnitude, and thrust angle (with respect to the local
horizontal) during the first MT arc. The plots compare the analytic
results with the numerical integration. As shown in Fig. 4, the error
in position magnitude at the end of the first MT arc is approximately
11.0 km. From Figs. 5 and 6, it can be seen that the total velocity
error at the end of the first MT arc is about 4%. Figure 7 shows the
differences in the thrust direction. Note from Figs. 7 and 11 that
the thrust angle is less than 1.87 deg, which is consistent with the
linearity assumption [see Eq. (9)]. Note that the thrust angle ¢, de-
picted in Fig. 7, is with respect to the local horizontal and not with
respect to the inertial reference axis where 6 =0 (see Fig. 1). As
we proved, the angle i with respect to the inertial reference axis
(6 =0) is constant. For the second MT arc, the results depicted in
Figs. 8-11 show similar trends to the first MT arc.

4.0

—a— analytic
36 i

34 |

F —o—— integration /
3.2
3.0 : //z’
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24 S S
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Fig. 10 Second MT arc: magnitude of transversal velocity vs time.
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Fig. 11 Second MT arc: thrust angle as function of time.
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Fig. 12 Relationship between AVy;r and ratio my/3.

Analyses of the analytic solutions obtained for different initial
conditions indicate that the characteristic velocity is sensitive to
the values of p =r /ry and is not highly sensitive to the values of
mg /B for given terminal orbits and exhaust velocity. The charac-
teristic velocity vs the ratio of the terminal radii that satisfy the
inequality 2 < p <10 and the mass flow rate that satisfies the in-
equality my /150 < B < m/60 (which correspondsto the inequality
2¢ <T/my<5g)are givenin Figs. 12 and 13, which show the sen-
sitivity of the AV to the ratios p =r,/ry and my /8.

It was found that the dimensionless A Vyr/v, differs from the
A Ve /vg of the impulsive Hohmann transfer by at most 0.0005 for
the given p from 2 < p <10 (see Fig. 14). Note that the impulsive
Hohmann transfer implies that 8 = oo (Ref. 1). From these results
and analyses, one can conclude that fuel expenditure for the orbital
transfer being consideredin the case of using the MT arcs = const
is comparable to the impulsive transfer 8 = oo dependingon initial
conditions and the characteristics of the engine system. Note that
using MT arcs allows one to analyze time histories of all parameters
for different cases of terminal conditions (while the engine system
is turned on) without relying on numerical integration schemes.
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One final observationin using the analytic solutions with various
initial conditionsis thatthe eccentricity of the transferorbitincreases
as the radii are increased. It can be shown that this dependency is
similarto the same dependencyobtained from the Hohmann transfer
case.

Conclusions

In this paper, the Mayer variational problem of computing op-
timal trajectories of a rocket moving with MT (constant exhaust

velocity and limited mass flow rate) in a central Newtonian field has
been considered. It was shown that this class of problems admits
an approximation of the central Newtonian field by a linear central
field when the thrust vector is nearly aligned with the local horizon
and therocketremainsin a thin sphericallayer during the maneuver.
Analytic closed-formsolutions for the MT arcs in the linear central
field have been obtained. It is proved that when the flight time is not
specified, the thrust direction is inertially fixed. The free time min-
imum fuel problem of orbit transfer between coplanar concentric
circular orbits was used to illustrate the solution process compris-
ing two MT and three NT arcs (including the initial and final orbits).
In particular, the analysis shows that the numerical results obtained
using MT arcs are comparable with the characteristicsof impulsive
maneuvers. When viewed as a method for targeting orbit maneu-
vers, assuming practical propulsion system characteristics, that is,
without assuming impulsive maneuvers, the analytic solution yields
the rocket engine-on/-off times and the thrust magnitude and di-
rection. Therefore, the solutions obtained for thrust direction may
be useful as a zeroth-order approximation in the development of a
rocket engine steering law applicable in a real gravity field.
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